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Abstract
This thesis focuses in various aspects of gauged 8-dimensional supergravity theories and
on the study of certain higher order gravities. Supergravity theories are the limit, at low
energies, of the String Theories. These theories were built in order to unify the 4 forces
that exist in nature, under a unique and consistent formalism. Nowadays, scientist are
trying to find experimentally the existence of supersymmetric particles. The existence of
these particles may solve some fundamental problems like the nature of dark matter and
dark energy. If discovered, they would automatically make supergravity the fundamental
framework for describing the Universe where we live.
In this context, studying the most general supergravity theories in different dimen-
sions is very important for describing Nature. Considering that the theories that describe
the known interactions are gauge theories, we expect that the theory that unifies all in-
teractions is also a gauge theory and, in the context of this thesis, a gauged supergravity
theory.
The quantization of General Relativity does not give a renormalizable Quantum
Field Theory. This fact does not allow us to know the behaviour of gravity at high
energies and small scales. The effective action of any UV completion of General Relativity
should contain terms with higher derivatives, involving contractions of the Riemann tensor
and its covariant derivative. String Theories predict the appearance of higher order terms,
which are corrections to the Einstein-Hilbert action. This provides a motivation to study
theories of gravity of higher order in the curvature, known as higher-order gravities” or
“modified gravities”.
In this thesis we collect the results prsented in the publications [?,?,?].
In [?] we construct the tensor hierarchy of generic, linear, bosonic, 8-dimensional
field theories. We first study the form of the most general 8-dimensional bosonic theory
with Abelian gauge symmetries only and no massive deformations. Having constructed the
most general Abelian theory, we study the most general gaugings of its global symmetries
and the possible massive deformations using the embedding tensor formalism.
In [?] we study the gauging of maximal d=8 supergravity using the embedding tensor
formalism and teh general results of the preceding paper. We focus on SO(3) gaugings,
study all the possible choices of gauge fields and construct explicitly the bosonic actions
for all these choices. We study the relation between the 8 dimensional supergravity buit
by Salam and Sezgin in [?] by compactification of d = 11 supergravity and the theory
constructed by Alonso-Alberca et al. in [?] by dimensional reduction of the so called
“massive 11-dimensional supergravity” proposed by Meessen and Ort´ın in [?].
In [?] we study some aspects of f(Lovelock) theories in d dimensions. These theories
are generalizations of the f(R) and Lovelock theories, where the gravitational action de-
pends on an arbitrary function of the Euler densities in d dimensions. We show that these
theories are equivalent to certain scalar-tensor theories, we study the linearized equations
of the theory on general maximally symmetric backgrounds, and we find constraints on the
couplings of a family of five-dimensional f(Lovelock) theories using holographic entangle-
ment entropy. Finally, we present some new black hole solutions in different dimensions.
Contents
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Introduction
In this section we are going to introduce the concepts needed for a better understanding
of the results obtained in the publications that have been collected in this thesis [?,?,?].
The main topics are gauged supergravity and higher order (“modified”) gravities.
1.1 Gauged supergravity
Gauged supergravity is one of the main topics of this thesis. therefore, we are going to
make a short introduction to the procedure of gauging (making local) global symmetries
of a field theory. We are going to start by the simplest example of the gauging of an
Abelian symmetry of the Dirac action, obtaining the Quantum Electrodynamics (QED
)action and then we are going to generalize the technique to more than one Dirac spinor
and non-Abelian symmetries. The result of this procedure for the symmetries considered
are non-Abelian Yang-Mills (YM) gauge theories.
Next, we are going to introduce a slightly more general procedure for gauging global
symmetries, known as the Noether procedure (or method). before we do that, we define
the Noether current associated to a global symmetry of the action and show how to obtain
it.
The Noether procedure, though, does not work for symmetries of the equations of
motion which are not symmetries of the action, such as electric-magnetic duality symme-
tries because the standard procedure to obtain the Noether current does not work here.1
Also, in 4 dimensions, one cannot use the dual (magnetic) vectors as gauge vectors. We
are interested in finding the most general gaugings of a theory, including those that make
use of the magnetic vectors as gauge vectors and those in which the gauge symmetry in-
cludes electric-magnetic duality rotations. Furthermore, we want to study the possibility
of gauging different subgroup of the global symmetry group (of the equations of motion)
using different combinations of the vectors of a given theory as gauge fields. A more
general formalism is required.
The embedding tensor formalism allows one to do just that: studying the most gen-
eral gaugings of a field theory with a given global symmetry group of the equations of
motion and a given field content. This is, precisely, the situation of supergravity theo-
ries and, therefore, this formalism is specially well suited to explore the possible gauged
supergravities that can be constructed from a given ungauged supergravity theory.
We are going to introduce this method, that we have applied to the gauging of
maximal 8-dimensional supergravity in [?,?] but,before we do that, we are going to review
1There is a generalization of the Noether current called Noether-Gaillard-Zumino current [?], though.
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electric-magnetic duality symmetries in arbitrary dimensions.
Finally, we are going to give a brief introduction to supergravity theories in arbitrary
dimensions, describing later some supergravity theories (ll-dimensional and 8-dimensional
supergravities) that will be relevant for the results obtained.
1.1.1 Gauge theories
Today it is accepted by the scientific community that all the interactions in Nature can be
described by four fundamental forces: electromagnetism, the weak force, the strong force
and gravity.
The first three interactions are reasonably well understood at small scales and high
energies: the actions that describe the three first forces are known and they correspond
to those of Yang-Mills gauge theories (or gauge theories); when these theories are quan-
tized, they are renormalizable Quantum Field Theories (QFTs) and one can compute
scattering amplitudes unambiguously and make definite predictions about the outcomes
of experiments which, so far, have been experimentally confirmed.
At large scales, of those three interactions, only electromagnetism is a relevant in-
teraction and it is also well understood: the same action mentioned above gives rise to the
Maxwell equations. At the same and larger (astronomical and cosmological) scales, grav-
ity is also reasonably well understood, but the same action that gives rise to the Einstein
equations, as different from the action that gives rise to the Maxwell equations, cannot be
consistently quantized.
Many alternatives have been tried but, so far, none of them seems to be completely
successful. Furthermore, we completely lack experimental hints on the quantum behaviour
of gravity and, thus, gravity remains a mystery when studied at small scales.
Although we do not have a working theory of quantum gravity, there are several
candidates for consistently describing the quantum nature of gravity. The most promi-
nent candidate is String Theory [?, ?, ?, ?, ?] which also aims to describe the rest of the
fundamental interactions in a unified way. It is well known that the low energy limit of
different String Theories correspond to different gauged Supergravity theories [?, ?]. In
this context, the construction of gauged supergravity theories in different dimensions has
been pursued with abundant results [?]. Studying the ungauged theories and all their
possible gaugings in a systematic way and can be done with the help of the embedding
tensor formalism. In order to do that, we first need to study the way in which a symmetry
of a generic field theory can be gauged. In this section we present the simplest procedure
for gauging a local symmetry. We study first the Abelian gaugings and later we end with
the non-Abelian ones.
Gauging Abelian symmetries
Let us consider a the the Dirac Lagrangian
LD = −ψ¯ /∂ψ −mψ¯ψ, /∂ = γµ∂µ, (1.1)
where ψ is a complex Dirac spinor. This Lagrangian is invariant under the transformations
ψ(x)→ ψ′(x) = eiqαψ(x), (1.2)
2
Chapter 1. Introduction
where α and q are constant parameters. Such transformations are called rigid or global
transformations because the parameters that describe them are constant. The global phase
transformation (??) leaves the Lagrangian (??) invariant, and therefore, it is a symmetry
of the theory. We say that the Lagrangian has a U(1) global symmetry.
Suppose now that we want to have the freedom of choosing the phase of ψ at each
point in spacetime independently. In that case, the theory in question should be invariant
under
ψ(x)→ ψ′(x) = eiqα(x)ψ(x), (1.3)
for arbitrary functions α(x). This kind of transformations whose “parameters” are arbi-
trary functions of the spacetime coordinates are called local or gauge transformations. If
a theory is invariant under (??), then it will not depend on the phase of ψ. Thus, phase
differences have no physical significance and are no longer determined by the dynamical
equations of the theory: invariance under local transformations implies that some of the
degrees of freedom are absent.
However, if we allow different phase rotations at different spacetime points i.e. α =
α(x) the transformation (??) is no longer a symmetry of the theory (??). Indeed, the
derivative ∂µψ transforms as
∂µψ(x)→ ∂µ(eiqα(x)ψ) = eiqα(x)∂µ(ψ(x)) + iq∂µ(α(x))eiqα(x)ψ. (1.4)
Clearly, the term with ∂µα spoils the possible invariance of the Lagrangian under the local
transformation. The Lagrangian (??) does not have local U(1) symmetry and if we insist
in having local symmetry we should change something.
The definition of the derivative in the kinetic term is the problem: we should in-
troduce a new covariant derivative Dµ such that it changes covariantly (i.e. with no ∂µα
term) under the transformation (??):
Dµψ(x)→ eiqα(x)Dµψ(x). (1.5)
The only known way to construct a derivative with this property requires the in-
troduction of a new vector field Aµ, that will be called a gauge field, with its own gauge
transformation
Aµ → Aµ(x) + ∂µΛ, (1.6)
where Λ is an arbitrary function of the spacetime coordinates. In order to satisfy (??) we
must set2
Λ = α. (1.7)
The covariant derivative that we were looking for can be written as
Dµψ = ∂µψ − iqAµψ = (∂µ − iqAµ)ψ, (1.8)
The two terms appearing in Dµ are related to infinitesimal transformations: the term ∂µ
can be interpreted as the result of an infinitesimal spacetime displacement on ψ, and the
second term −ieAµψ represents the result of an infinitesimal gauge transformation on ψ.
2In this simple setting this is a trivial statement. However, in more general settings, the identification
between gauge parameters can be done in many different ways parametrized by the embedding tensor and
it is important to stress that we are making this identification.
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Now, in order to make the Lagrangian manifestly gauge invariant we replace the
new covariant derivative Dµ in (??), obtaining
L = −ψ¯ /Dψ −mψ¯ψ = −ψ¯ /∂ψ −mψ¯ψ + iqAµψ¯γµψ. (1.9)
If the gauge field is going to be a dynamical field of the theory, we need to add
a kinetic term for it in this action that respects its gauge symmetry. Let us see how to
construct it.
The covariant derivative satisfies the properties of a usual derivation, such as the
Leibniz rule and distributive properties. Moreover, the commutator [DµDν ] is
[Dµ, Dν ]ψ = Dµ(Dνψ)−Dν(Dµψ) = −iqFµνψ, (1.10)
where
Fµν = ∂µAν − ∂νAµ, (1.11)
is called the field strength and it is gauge invariant. being first-order in derivatives of the
gauge vector field and gauge invariant we can use it to construct the kinetic term we are
looking for (see below).
The relation (??) is called Ricci identity, and since both sides have to be gauge
covariant we will be using the commutator of covariant derivatives very often for building
gauge covariant field strengths.
There is another identity satisfied by the covariant derivative, the Jacobi identity:
[Dµ, [Dν , Dρ]] + [Dν , [Dρ, Dµ]] + [Dρ, [Dµ, Dν ]] = 0. (1.12)
It implies the following relation for the field strength
DµFνρ +DνFρν +DρFµν = 0. (1.13)
Since, in the case at hands, the field strength is invariant under gauge transformations,
after replacing the covariant derivative by the ordinary one, we can rewrite this identity
in the equivalent form
∂µ ? F
µν = 0. (1.14)
The above identity is called the Bianchi identity and it is trivially satisfied by (??).
As mentioned above, we can use the field strength Fµν to build a Lagrangian which,
by construction, is going to be gauge invariant:
L = −1
4
FµνF
µν , (1.15)
and, combining both Lagrangians (??) and (??) we have
LQED = L+ LD = −1
4
FµνF
µν − ψ¯ /∂ψ −mψ¯ψ + iqAµψ¯γµψ. (1.16)
This Lagrangian represents the interacting theory of a fermion field ψ and a gauge vector
field Aµ and it is the Lagrangian of the theory of Quantum Electrodynamics (QED). This
is a prototypical example of a theory obtained by gauging a global symmetry. The theory
has just two free parameters, the mass m of the fermion and its charge q.
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Gauging non-Abelian symmetries
The symmetry transformation given in (??) can be written as
ψ(x)→Mψ(x), (1.17)
where M ≡ eiα is a 1× 1 unitary (U(1)) matrix. QED is invariant under the U(1) gauge
group. This statement rises an immediate question: can we build a gauge theory invariant
under a larger gauge group, like the group of n × n unitary matrices U(n)? The answer
is yes.3 We will see a simple example and then proceed to generalize the formalism to all
non-Abelian theories.
Let us take n complex fields ψj(x) and collect them in a n-component vector
Ψ(x) =

ψ1(x)
ψ2(x)
...
ψn(x)
 .
The Dirac Lagrangian for n Dirac spinors reads:
L = Ψ¯ [(iγµ∂µ −m)1n×n] Ψ, (1.18)
and it is invariant under the transformation
Ψ(x)→MΨ(x),
(1.19)
Ψ¯(x)→ Ψ¯(x)M †,
where, now, M ∈ U(n).
Again, we want to have the freedom to make a different U(n) transformation at
each spacetime point, i.e. we want the theory to be invariant under the same kind of
transformations with M now an arbitrary U(n)-valued function M(x). However, it can
be seen that (??) transforms under (??) with M = M(x) as
L → L+ Ψ¯(x)M †iγµ∂µ(M(x))Ψ(x), (1.20)
so that the Lagrangian (??) is not invariant under the transformation (??). The solution is,
again, to replace the standard partial derivative by a covariant derivative, which requires
the introduction of a matrix-valued gauge vector field Aµ transforming as
Aµ(x)→ ΛAµΛ† − q(∂µΛ(x))Λ†, (1.21)
where Λ is a U(n)-valued function. With the identification
Λ = M(x), (1.22)
3QED is an Abelian theory -two successive U(1) transformations commute- on the U(n) generalization,
two transformations will not commute in general, this is why these theories are called non-Abelian gauge
theories.
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we can build a covariant derivative that solves the problem exactly as in the U(1) case
DµΨ(x) = (∂µ − iqAµ)Ψ(x). (1.23)
Now that we have seen how the generalization to U(n) can be done, we proceed with
the most general case.
Let us assume that M is a generic n × n unitary n-dimensional matrix, describing
unitary representations of a new G. This matrix can be written as M = eiH , where H
is a Hermitian matrix i.e. H† = H. Since we have a continuous group we can expand
M in terms of a basis of Hermitian n × n matrices that we will denote Ta and some real
parameters ξa. The Ta
′s are called the group generators.
Since the identity element e0 = 1 is contained in every group, we can write any
group element of the form
eiξ
aTa = 1 + iξaTa... (1.24)
Consider two group elements parametrized by ξa and ηa. The product
eiξ
aTaeiη
bTbe−iξ
aTae−iη
bTb = 1− ξaηb[Ta, Tb] + ... (1.25)
Being a product of group elements, the result must be a group element as well, and since
the Ta’s form a basis, we can write
[Ta, Tb] = if
a
bc Ta, (1.26)
where f abc are called the structure constants. These constants are real for compact
semisimple groups. A set of matrices satisfying (??) is called a Lie algebra. From (??) we
can classify all the possible Lie algebras.4
The expression (??) also helps to determine the possible representations that each
Lie algebra has. One important representation is defined using T adja bc ≡ −ifabc. These
generators satisfy (??) and they form the so called adjoint representation. It exists for
any Lie algebra and its dimension is the same of the Lie algebra.
The vector Aµ can be written as Aµ = A
a
µTa, where each component A
a
µ is called
the gauge field. Aµ transforms in the adjoint representation.
Consider a linear G transformation of the field ψ(x)
ψ(x)→ ψ′(x) ≡ eiqξaTaψ(x). (1.27)
When ξa is constant(global transformation). The partial derivative ∂µψ is invariant under
(??), but if we promote the ξa’s to arbitrary functions of the spacetime coordinates, then,
∂µψ transforms as
∂µψ → (∂µψ(x))′ = eiqξa(x)Ta (∂µψ(x) + iq∂µ(ξa(x))Taψ(x)) , (1.28)
4There is a well known classification of all semisimple Lie algebras: the su(n) associated to the group
SU(n), which is the group of unitary matrices with unit determinant, the so(n) associated to the group
SO(n), which is the group of orthogonal matrices with unit determinant; and the sp(2n) associated to the
group Sp(2N) which is the group of matrices satisfying UTΩU = Ω with
Ω =
[
0 I
−I 0
]
.
There are also 5 exceptional semisimple Lie algebras called G2, F4, E6, E7 and E8.
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and we need another derivative that transforms covariantly. In order to define a covariant
derivative we have to introduce a gauge vector Aaµ transforming as:
A′aµ = A
a
µ − ∂µΛa − qf abc ΛbAcµ. (1.29)
Making the identification
Λa = ξa, (1.30)
we can see that
Dµψ = ∂µψ −AaµTa, (1.31)
transforms covariantly.
The commutator of two covariant derivatives is
[Dµ, Dν ]ψ = iqFµνψ, Fµν = F
a
µνTa, (1.32)
where F aµν , the field strength, is given by
F aµν = ∂µA
a
ν − ∂νAaµ − qfabcAbµAcµ, (1.33)
transforms covariantly under gauge transformations. We can use it to build an invariant
Lagrangian that has to be added to that of the matter field ψ:5
LYM = −1
4
F aµνF
aµν . (1.34)
This Lagrangian is the Yang-Mills Lagrangian and it is a generalization of the Maxwell
one. A non-Abelian gauge theory automatically contains self-interactions of the gauge
field. Comparing both Lagrangians (the QED and the YM) we can see that in QED
the gauge field does not transform under a global U(1) transformation, so we can say
that it is uncharged. In a non-Abelian gauge theory, the gauge fields transform in the
adjoint representation under a global transformation, so it carries charge, and that is why
it couples to itself.
1.1.2 Symmetries in field theories
In this section we present a study of the global symmetries of the action of a theory and
their gauging. For a detailed account see [?,?].
Le us consider an action S(ϕ) where ϕ is a generic field:
S(φ) =
∫
Σ
ddxL(ϕ, ∂ϕ). (1.35)
Usually, L is a scalar density. We consider the variation of the action under arbitrary
infinitesimal variations of the field ϕ. Using integration by parts, Stokes’ theorem ,and
requiring δS = 0 with the appropriate boundary conditions (δϕ|∂Σ = 0), the Euler-
Lagrange equations are found:
δS
δϕ
=
∂L
∂ϕ
− ∂µ
(
∂L
∂∂µϕ
)
= 0, (1.36)
5We have assumed implicitly a normalization of the generators of the gauge group so that the Killing
metric Kab, which is gauge invariant by construction, is proportional to the identity.
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The addition of a total derivative term to the Lagrangian does not change the
equations of motion as long as the boundary conditions for δϕ make the new boundary
term vanish.
Now, we consider the infinitesimal transformations of the coordinates δ˜xµ and the
variation of the field δ˜ϕ:
δ˜xµ = x′µ − xµ, δ˜ϕ(x) = ϕ′(x′)− ϕ(x), (1.37)
where x and x′ are the coordinates of the same point in different coordinate systems. The
invariance of the action under these transformations, up to total derivatives, can be stated
as follows
δ˜S =
∫
Σ
ddx∂µs
µ(δ˜). (1.38)
It follows that ∫
Σ
ddx
(
∂µJ
µ(δ˜) +
δS
δϕ
δϕ
)
= 0, (1.39)
where
Jµ(δ˜) = −sµ(δ˜) + Tµν δ˜xν −
∂L
∂∂µ∂νϕ
∂ρϕ∂ν δ˜x
ρ + .... (1.40)
Here, Tµν is the energy-momentum tensor:
Tµν = η
µ
νL −
∂L
∂∂µ∂ν
∂νϕ+ .. . (1.41)
If the equations of motion δS/δϕ = 0 are satisfied then we get the conservation law
∂µJ
µ(δ˜) = 0. (1.42)
Jµ is the Noether current. If the transformations depend on constant parameters σA
δ˜xµ ≡ σAδ˜Axµ, δ˜ϕ ≡ σAδ˜Aϕ, (1.43)
where δ˜Ax
µ and δ˜Aϕ are functions of the coordinates and ϕ and the σ
A, A =, 1, .., n are
the transformation parameters, there are n independent Noether currents JµA.
If the transformations are local σA = σA(x) then, up to a total derivatives, we have∫
Σ
ddx
(
∂µJ
µ
2 (σ) + σ
ADA
δS
δϕ
)
= 0, (1.44)
where DA are operators generally containing derivatives acting on the equations of motion.
If we choose parameters such that Jµ2 (σ) vanishes at the boundary then we obtain n
identities relating different equations of motion
DA
δS
δϕ
= 0. (1.45)
These identities are called Noether identities. They are satisfied off-shell. Thus, since the
Noether identities are identically true for arbitrary values of the parameters, we obtain an
off-shell conservation law:
∂µJ
µ
2 (σ) = 0. (1.46)
It can be shown that this current vanishes on-shell and, therefore, it is not useful for
constructing conserved quantities.
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1.1.3 Noether method
This is a method for gauging a global symmetry of the action based on a simple observation:
assuming that the action of a theory is invariant under some global transformations of the
fields δϕ with constant parameters σA, if we now use local parameters σA(x) we should
find that the variation of the action has the form
δS =
∫
ddx∂µσ
AJµA, (1.47)
because, it has to vanish for constant σA. Here JµA are the Noether currents associated to
each of the independent transformation parameters σA.
Comparing the above formula with the generic gauge transformation rule of as many
Abelian vector fields as independent transformations AAµ
δAAµ = ∂µΛ
A , (1.48)
it is clear that we can cancel the above term in the variation of the action by identifying
ΛA = σA, (1.49)
and adding a term
−
∫
ddxAAµJ
µ
A, (1.50)
to the original action. This is the basis of the Noether method, but, it is clear that the
new total action will not be exactly invariant, in general, because δJµA 6= 0. However, it
will be invariant up to terms of higher order in the coupling constant (that we have not
written explicitly). These terms will have the same form, where the Noether current is
modified because of the introduction of the above coupling in the action. We can repeat the
procedure adding new terms to the action and, if necessary, to the gauge transformation
rules of the fields to cancel them. In many interesting cases, this iterative procedure ends
after a finite number of steps, yielding an exactly gauge-invariant action.
Let us see how this method works in a simple example.
Let us consider the following Lagrangian for a complex scalar field Φ
L0 = 1
2
∂µΦ∂
µΦ, (1.51)
invariant under phase transformations, which infinitesimally can be written as
δΦ = iqσΦ, (1.52)
where σ is the parameter of the transformation. These transformations constitute a U(1)
symmetry group, and q labels the representation of U(1) corresponding to Φ. If σ is a
function of the spacetime coordinates, the Lagrangian is not invariant
δL0 = −qjµ∂µσ, jµ = − i
2
(
Φ∂µΦ¯− Φ¯∂µΦ) , (1.53)
where jµ is the on-shell conserved current associated with the global invariance of the
Lagrangian L0.
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The above variation can be cancelled by the introduction of an Abelian gauge vector
field Aµ transforming as δAµ = ∂µΛ, making the identification Λ = σ and adding a new
term in the Lagrangian
L1 = qAµjµ, (1.54)
whose variation (after the identification) is
δL1 = q∂µσjµ + qAµδjµ. (1.55)
The first in this variation cancels exactly the variation of L0 and
δ(L0 + L1) = qAµδjµ = −q2|Φ|2Aµ∂µσ. (1.56)
Using the same reasoning we can cancel this term by introducing yet another term
of the form
L2 = 1
2
q2|Φ|2A2, (1.57)
in the Lagrangian because
δL2 = q2|Φ|2Aµ∂µσ. (1.58)
In this case we have achieved exact invariance in two iterations. Adding the kinetic
term for the gauge field, the total Lagrangian of the gauged theory can be written as
L0 + L1 + L2 = 1
2
DµΦDµΦ¯− 1
4
FµνF
µν , (1.59)
where
DµΦ = (∂µ − iqAµ)Φ, (1.60)
is the gauge-covariant derivative, which in this method arises in a completely natural form.
As we have mentioned, in more complicated cases, the Noether procedure will require
the addition of more corrections both to the field transformation rules and the Lagrangian.
Note that we have added by hand to the original Lagrangian the exact number of vector
fields needed to gauge the existing symmetry. However, in many cases, the field content
of the theory cannot be changed and we have a fixed number of vector fields transforming
in a given representation of the global symmetry group. For instance, in supergravity
theories with high N .
The possible gaugings of the global symmetry group are usually strongly constrained
and a method to explore systematically all the possibilities is the embedding tensor for-
malism [?, ?, ?]. If we have a symmetry of the equations of motion that does not leave
invariant the action, the Noether method is not suitable for building a conserved current.
That is the case of the electric-magnetic rotations. We want to study the general symme-
tries of equations of motion finding the conditions that a group of transformations has to
satisfy in order to be a symmetry of the equations of motion.
Electric-magnetic duality
Electric-magnetic duality is part of a bigger group of dualities, S dualities. In these
dualities the coupling constant is inverted and perturbative (weak coupling) and non-
perturbative (strong coupling) regimes are related.
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Electric–magnetic duality is a symmetry of the equations of motion which is not
a symmetry of the action. It can also be seen as a mapping between two theories that
describe, in different ways, the same degrees of freedom. We are interested in the most
general case, but we will start by reviewing the well known case of Maxwell equations in
4 dimensions. Then, we will present the general case in 4 dimensions and, finally, we will
proceed to increase the number of fields and dimensions. For more details see [?] [?].
The sourceless Maxwell equations
∂µF
µν = 0, (1.61)
and the Bianchi identities
∂µ ? F
µν = 0 (1.62)
are invariant under the replacement F → ?F , ?F → −F . In a given frame, this replace-
ment corresponds to the interchange of electric and magnetic field
~B
′
= − ~E, ~E ′ = ~B. (1.63)
The electric-magnetic duality transformation squares to minus the identity and, therefore,
it generates a Z2 electric-magnetic-duality group. The Z2 group can be extended to a
continuous symmetry group of the equations of motion:
F˜ = aF + b ? F, ?F˜ = −bF + a ? F, a2 + b2 6= 0, (1.64)
is an invertible transformation that leaves the set of the two equations invariant. It is
convenient to define the duality vector
~F =
(
F
?F
)
,
which satisfies
?~F =
(
0 1
−1 0
)
~F .
When the lower component of ~F is considered as independent of the upper one, the above
constraint is called the linear, twisted self-duality constraint. It is equivalent to the original
relation between the upper and lower components of ~F , which solves it, but its structure
is much more convenient to study more general duality transformations.
The Bianchi identity together with the Maxwell equations can be written in the
compact form
∂µ ~F
µν = 0, (1.65)
transforming in the vector representation of the duality group
~˜F = P ~F , P =
(
a b
−b a
)
= ±λ
(
cos(θ) sin(θ)
− sin(θ) cos(θ)
)
. (1.66)
We can see that the duality group of the Maxwell equations is made of rescalings and O(2)
rotations of ~F .
The replacement of F by ?F is not a symmetry of the Maxwell action.6 We have
defined the electric-magnetic duality transformation in terms of the field strength for the
6There is a change in the Maxwell action sign because the identity (?F )2 = −F 2.
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sake of convenience but we must bear in mind that the variable in the action is the vector
field Aµ and not its field strength. In terms of the vector potential Aµ electric-magnetic
duality transformations are non-local.7
In order to study more general cases, we have to introduce more formal and general
definitions that allow us to handle theories with more vector fields (or other higher-rank
form fields), with non-linear couplings and with couplings to scalar fields. We are going
to follow closely [?,?,?]. For a good review in the context of supergravity see [?].
In four dimensions we consider a functional S(F (A)) of a single Abelian field strength
F (A) with no couplings to any other fields. Since by definition F = dA, the 2-form F
always satisfies the Bianchi identity dF = 0. The dual (magnetic) field strength G can be
defined for any such action by
? Gµν ≡ 2δS[F ]
δFµν
. (1.67)
The equations of motion of the 1-form (Maxwell equations) can always be written in terms
of the dual field strength G in the form8
∂µ ? G
µν = 0, (1.68)
which is a Bianchi identity for G. For instance, for the Maxwell action eq. (??) the dual
field strength is G = ?F and equation (??) is the Maxwell equation. The pair, Bianchi
identity plus Maxwell equation, is invariant under global linear transformations of F and
G of the form (
F ′
G′
)
=
(
A B
C D
)(
F
G
)
, (1.69)
or, infinitesimally
δ
(
F
G
)
=
(
a b
c d
)(
F
G
)
. (1.70)
In general, the action S(F ) is not invariant under these transformations. Moreover, we
know that G and F are not independent and, actually, G = G(F ) (in the Maxwell case
G(F ) = ?F ). Thus, we have to impose G′ = G′(F ′) with the same functional dependence.
We want to know when it happens that
S′(F ′) = S(F ′). (1.71)
This property is called self-duality, and it is a property of the duality transformations and
of the action S(F ).9 In the Maxwell case, the self-duality property requires A = D and
B = −C. This group of transformations is R+ × SO(2)10.
7If we want to perform the duality transformation in the action we need an action whose variable is the
field strength. In such an action, the above replacement can be performed and its form-invariance can be
tested. This procedure is called “Poincare´ dualization” (see e.q. [?]).
8It is important that the action depends only depends on the vector field through its field strength.
9The condition that an action, the dual vector field strengths, and the duality parameters must satisfy
in a self-dual theory is:
δ
δFµν
(
(d+ a)S(F ) +
1
4
∫
d4y (cFµν ? Fµν − bGµν ? Gµν − 2aFµν ? Gab)
)
= 0, (1.72)
the so-called Noether-Gaillard-Zumino identity.
10Only the second factor leaves invariant the energy momentum tensor(which is necessary to have a
symmetry of the equations when we couple the theory to Einstein’s gravity),and, therefore, the electric-
magnetic duality group of Maxwells’ theory is just SO(2).
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Now, let us consider n fundamental (electric) vector field strengths FΛ, and m scalar
fields ϕi. For each of the vector field strengths FΛ we can define a dual (magnetic) vector
field strength GΛ(F,ϕ):
? GµνΛ ≡ 2
δS[F,ϕ]
δFΛµν
. (1.73)
The Maxwell equations for each AΛ take the form of a Bianchi identity 11 for the dual
field strengths
∂µ ? G
µν
Λ = 0, (1.74)
As before, we construct 2n-component vectors of the fundamental and dual vector field
strengths and the transformations(
F ′
G′
)
=
(
A B
C D
)(
F
G
)
, (1.75)
or, infinitesimally,
∆
(
F
G
)
=
(
a b
c d
)(
F
G
)
. (1.76)
where A,B,C,D, a, b, c and d are n× n matrices. As we are going to see, for consistency,
they have to be supplemented by transformations of the scalar fields
ϕ′i = f i(ϕ), ∆ϕi = ξi(ϕ). (1.77)
The linear (in vector field strengths) theories in d = 4 we are interested in, have the form
S(F,ϕ) =
∫
d4x
√
|g|{R+ Gij∂µϕi∂µϕj
+2ImNΛΣFΛµνFΣµν − 2ReNΛΣFΛµν ? FΣµν}. (1.78)
where Gij = Gij(ϕ) is a positive definite metric, and NΛΣ(ϕ) is the symmetric,
complex, n × n period matrix, whose imaginary part must be negative definite. The
bosonic sectors of all the four-dimensional ungauged supergravities can be written in the
form of (??). Moreover, we can add a scalar potential whose only effect is to restrict the
possible symmetries of the theory to those that leave it invariant. The dual vector field
strengths are defined as in the single-vector case12
?G µνΛ ≡
1
4
√|g| δSδFΛµν , (1.79)
and, therefore,
GΛ = ReNΛΣFΣ + ImNΛΣ ? FΣ ⇒ G+Λ = N ∗ΣΛFΣ+. (1.80)
After applying the transformation (??) the new field strength G′Λ is related to the new
field strength F ′Λ by
G′+Λ = N ′∗ΣΛF ′Σ+, (1.81)
11It implies the existence (locally) of as many dual vector fields AΛ such that GΛ = dAΛ.
12Note that by convenience we choose a normalization different to that of eq. (??).
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and using the reality of the matrices A,B,C and D it can be shown that the transformation
rule of the period matrix N is
N ′ = (C +DN )(A+BN )−1. (1.82)
The previous transformations must preserve the properties of the period matrix: the
negative definiteness of the imaginary part and the symmetry of the matrix N ′. Using the
symmetry of the matrix N ′ we arrive at the conditions
CTA− (ATD − CTB)N +N (DTB)N − transposed = 0, (1.83)
which are solved by
CTA = ATC, BTD = DTB, ATD − CTB = κ1n¯×n¯, (1.84)
for some real constant κ. Then, it is possible to show that the imaginary part ImN of the
period matrix N ′ transforms as
ImN ′ = κ(AT +N †BT )−1ImN (A+BN )−1, (1.85)
and it will remain negative-definite if κ > 0. If we want these transformations to preserve
the energy-momentum tensor as well (which is necessary in theories in which the vector
fields a minimally coupled to gravity), the only allowed value is κ = +1.
The conclusion is that the most general symmetry of the equations of motion of the
theories (??) acts linearly on the vector fields as a subgroup of Sp(2n,R).13 At the same
time, the scalars must be transformed in such a way that the functional dependence of
the period matrix on them remains invariant. These transformations of the scalars must
leave the scalar metric invariant, i.e. they must be isometries of Gij . Only those isometries
of the metric which are associated to the above Sp(2n,R) transformations will be true
symmetries of the equations of motion.14 In the cases where the scalars do not appear in
the period matrix, the duality group will contain as a factor additional to the Sp(2n,R),
the group of isometries of the scalar metric that acts precisely on the scalars that are not
in the period matrix.
There is another way to see the symplectic group arise in this problem. Let us define
a 2n-component vector
(FM ) ≡
(
FΛ
GΛ
)
, F ′M = SMNFN , (1.87)
where we will use the symplectic metric
ΩMN =
(
0 1n×n
1n×n 0
)
, (1.88)
13Sp(2n,R) is the group of transformations S such that
STΩS = Ω, Ω ≡
(
0 1
−1 0
)
. (1.86)
14This statement is based on the dependence of the period matrix of the scalars and it could happen
that some scalars do not occur on the period matrix. Moreover, it could happen that ReN = 0 then,
again, the statement may not be true on these conditions.
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for lower and raise indices: FN = FMΩMN . the componets of the contravariant FM are
(FM ) = (GΛ,−FΛ). (1.89)
This vector satisfies the linear, twisted, self-duality constraint
MMN (N )FN = −ΩMN ? FM , (1.90)
that must be preserved by duality transformations.
Using this notation and the above constraint, the energy-momentum tensor corre-
sponding to the vectors in the action (??) can be written in these two equivalent ways
T vectµν = −4MMN (N )FM ρµ FN νρ = −4ΩMN ? FM ρµ FN νρ (1.91)
where M(N ) is a 2n× 2n symplectic matrix
M(N ) ≡
 IΛΣ +RΛ∆I∆ΩRΩΣ −RΛ∆I∆Σ
−IΛΩRΩΣ IΛΣ
 , (1.92)
where
IΛΣ = ImNΛΣ, RΛΣ = ReRΛΣ. (1.93)
The energy-momentum tensor (??) is going to be invariant under duality transformations
F ′ = SF if these transformations preserve the symplectic metric ΩMN (i.e. if they belong
to Sp(2n,R)) and if they also preserve the form of the matrix MMN (N ):
MMN (N ) = (S−1)PMMPQ(N )(S−1)QN . (1.94)
The period matrix has to satisfy
M′MN (N ) =MMN (N ′) (1.95)
where M′MN (N ) is given by (??) and N ′ is given by (??).
Higher dimensions and higher ranks
The generalization of (??) to higher dimensions is15
I(g,Ap+1, φi) =
∫
ddx
√
|g|
(
R+ Gij(φ)∂µφi∂µφj + 4 (−1)
p
(p+ 2)!
IΛΣ(φ)F
Λ
(p+2) · FΣ(p+2)
+4ξ2
(−1)p
(p+ 2)!
RΛΣ(φ)F
Λ
(p+2) · ?FΣ(p+2)
)
, (1.97)
where the scalar fields φi couple through the matrices IΛΣ(φ) and RΛΣ(φ) to the n (p+2)-
form filed strengths FΛ(p+2) of as many as (p+1)-form potentials A
Λ
(p+1). The field strengths
are defined by
FΛ(p+2) ≡ dAΛ(p+1), . (1.98)
15The term
4ξ2
(−1)p
(p+ 2)!
RΛΣ(φ)F
2
(p+2). ? F
Σ
(p+2), (1.96)
does not exist for any d or p, it can only be different from zero when p = p˜ = (d− 4)/2.
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and satisfy the Bianchi identities
dFΛ(p+2) = 0 (1.99)
We use the notation
FΛ(p+2) · FΣ(p+2) ≡ FΛ(p+2)µ1..µp+2F
Σ µ1....µp+2
(p+2) . (1.100)
The matrix IΛΣ is symmetric and negative definite. The matrix RΛΣ is a new
scalar-dependent matrix such that
RΛΣ = ξ
2RΣΛ, where ξ
2 = −(−1)d/2 = (−1)p+1. (1.101)
Then, depending on the value of ξ (+i or +1) the duality group will change.The normal-
ization of the action is chosen in such a way that when d = 4, p = 0 we recover the action
(??).
As before, we define the dual (p˜+ 2)-form field strengths G(p˜+2)Λ as
Gp˜+2Λ ≡ RΛΣFΣ(p+2) + IΛΣ ? FΣ(p+2). (1.102)
The equations of motion of the (p+ 1)-form potentials are
dG(p˜+2)Λ = 0. (1.103)
We arrange the electric and magnetic field strengths in a vector of 2n components, taking
into account that only in the case p = p˜ we can mix the upper and lower components:
(FM) = ( FΛ(p+2)
G(p˜+2)Λ
)
. (1.104)
With this definition we can write equations (??)and (??) as
dFM = 0. (1.105)
Assuming that FM transforms linearly as
F ′M = SMNFN , S ≡
(
A B
C D
)
, p 6= p˜→ B = C = 0. (1.106)
and requiring the consistency between these and the definitions of the magnetic filed
strengths forces the matrices I and R to transform according to transformation (??)
where now N is defined as N = R+ ξI.
The contribution of the (p + 1)−form potentials to the energy momentum tensor
can be rewritten as
TA(p+1)µν =
4(−1)p+1
(p+ 1)!
MMN (N )FMµ···FNν···, (1.107)
where we have introduced the symmetric matrix
MMN (N ) ≡
 I − ξ2RI−1R ξ2RI−1
−I−1R ξ4I−1
 . (1.108)
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Defining the metric
ΩMN ≡
(
0 1
ξ21 0
)
, (1.109)
the linear, twisted, self-duality constraint takes the form
MMN (N )FN = ξ2ΩMN ? FM , (1.110)
and, the energy momentum tensor (??) can be written
TA(p+1)µν = 4(−1)p+1ξ4ΩMN ? FMµ···FNν···. (1.111)
Following the same reasoning as in the previous case, we can conclude that the
transformations that leave this energy-momentum tensor invariant are those that leave
ΩMN invariant:
p = p˜, ξ2 = +1 → O(n, n). (1.112)
p = p˜, ξ2 = −1 → Sp(2n,R). (1.113)
p 6= p˜, → no constraint. (1.114)
1.1.4 The embedding tensor formalism and the tensor hierarchy
As we have advanced in previous sections, given a theory with prescribed field content
and global symmetry group, the embedding tensor formalism helps us to study the most
general gaugings of the theory and (as a bonus) the most general deformations of the
theory compatible with gauge invariance. For a review see [?] [?].
Let us consider an ungauged field theory with a global invariance group G that
contains the vector fields AMµ transforming in some representation VA of the group G
16.
The generators of the corresponding algebra g are called TA,
17 with A = 1,...,dim(g), and
they satisfy the commutation relation (??).
We define the embedding tensor ϑM
A, which determines the subgroup of vectors that
will be used as gauge vectors, in other words, it determines the combinations of vectors
AAµ = Aµ
MϑM
A that can be taken as a gauge fields associated to a set of generators of TA.
The embedding tensor is a map ϑ : V → g whose image defines the gauge group. Thus,
the embedding tensor can be used to define covariant derivatives of the gauged theory:
Dµ = ∂µ −AµMϑMATA. (1.115)
The consistency of the formalism demands that the embedding tensor is gauge in-
variant:
δPϑM
A = ϑP
B
(
T NB Mϑ
A
N + f
A
BC ϑ
C
M
)
= 0. (1.116)
If we define X QN P = ϑN
AT QA P , eq. (??) implies δMX
Q
N P = 0. Then,
[XM , XN ] = −X PMN XP = −X P[MN ]XP . (1.117)
16Here we must consider all the vector fields of the theory, electric and (if we are in d = 4, magnetic as
well. This, as we have reviewed in the previous section, in d = 4 the group G must be a subgroup of the
symplectic group.
17The matrices TA
M
N must belong to the algebra of the symplectic group in d = 4: TA
M
NΩMP =
TA
M
PΩMN .
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Writing X PMN as
X PMN = X
P
[MN ] + Z
P
MN , (1.118)
we find that
ϑ AP Z
P
MN = 0. (1.119)
Thus, the antisymmetry of X PMN holds only upon contraction with the embedding tensor.
Eq. (??) is implicit in eq. (??) and it is called the quadratic constraint, this constraint
has to be satisfied by ϑ AM for having a valid gauging.
The simplest deformations of an ungauged theory are associated to the gauging of
the global symmetries and are parametrized by the embedding tensor. However, other
deformations can appear, and they may be parametrized by objects that are independent
of the embedding tensor.18
One of the important aspects of the embedding tensor formalism is that it gives rise
to the tensor hierarchy [?] [?] which consists of a set of potentials of all degrees (1, .., d)
and their corresponding curvatures, which are related by Bianchi identities. The tensor
hierarchy is required by consistency of the procedure and it has to be compatible with the
original field content of the theory.
The higher rank form fields of the theory are associated with extended objects
of the theory, therefore the embedding tensor formalism constitutes an indirect way of
determining the branes of the theory [?].
In the following, we describe the procedure for constructing the tensor hierarchy
with the help of the embedding tensor formalism. For a more detailed description of the
technique see [?,?].
In a generic field theory in dimension d, with 0 ≤ p ≤ [d−12 ], the bosonic degrees of
freedom are given by a set of (electric) p-form potentials with p ≥ 0, all of them satisfying
a certain number of second order differential equations. As a general rule, a p-form couples
electrically to an electric (p − 1) brane and the dual (d − p − 2) form potential (which
does not contribute with new degrees of freedom 19) couples electrically to a magnetic
(d− p− 3) brane.
The curvatures of the electric and magnetic forms satisfy Bianchi identities and
therefore the equations of motion (second order equations) can be derived as integrability
conditions of the duality relations. Schematically:
Bianchi identities + duality relations ⇔ equations of motion
We consider a theory with a given number of (electric) p-forms to which we add their
dual (d − p − 2)-forms. We also assume that the theory has a number of scalar fields φi,
that parametrize a target space with metric Gij . We start with the lowest rank form fields:
the vectors (1-forms) AI , and the 2-forms Bx. As mentioned before, depending on the
dimension, these fields will transform in different representations of the global symmetry
group: in d = 4 dimensions, I will be a symplectic index labeling the electric and magnetic
vector fields and x will be an adjoint index because in d = 4 dimensions 2-forms are dual
to the Noether currents of the global symmetry group, which carry an adjoint index; in
18One example is the matter coupled N = 1, d = 4 supegravity [?]. In other cases, specially in maximal
and half maximal supergravities all deformation parameters depend on the embedding tensor.
19The magnetic forms are related to the electric forms through a (first order) duality relation.
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d = 5 vectors are dual to 2-forms and the indices I and x must be identified; in d = 6 x
will be a O(n, n) index labelling the electric and magnetic 2-forms etc.
By assumption, the equations of motion of the theory are invariant under a global
symmetry group with generators {TA} satisfying the algebra given in eq.(??). The corre-
sponding matrices that represent the generators are T IA J and T
x
A y.., then
δαA
I = αAT IA JA
J = αAδAA
I , (1.120)
δαBx = −αAT yA xBy = αAδABx. (1.121)
where αA are constants.
The transformation rules for the scalars are isometries of Gij(φ) generated by the
Killing vectors k iA (φ), they satisfy the algebra
[kA, kB] = −fABCkC , (1.122)
then
δαφ
i = αAk iA = α
AδAφ
i, (1.123)
We will assume that each of the different form fields transform under Abelian gauge
transformations, namely
δσA
I = dσI , (1.124)
δσBx = dσx, etc. (1.125)
where the σI are 0-forms, the σx are 1-forms, etc.
Now, if we want to gauge the theory promoting the global parameters αA to local
functions αA(x) depending of the spacetime coordinates we must identify them with some
of the introduced σI , or equivalently, some of the 1-forms AI should be identified with the
gauge fields AA associated with the transformations αA. The embedding tensor allows us
to make these identifications explicit:
αA(x) = ϑAI σ
I(x), AA = ϑ AI A
I . (1.126)
The quadratic constraint eq.(??) in this notation becomes
−X KI Jϑ AK + ϑ BI ϑ CJ f CAB = 0, (1.127)
where
X KI J = ϑ
B
I T
K
B J . (1.128)
If the quadratic constraint is satisfied, then,
[XI , XJ ] = X
K
[I J ]XK (1.129)
When we introduce more deformation tensors we will get more constraints quadratic in
the deformation tensors, involving the embedding tensor.
The transformations of the scalars are
δσφ
i = σIϑI
Ak iA . (1.130)
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The covariant derivative for the scalars is
Dφi = dφi −AIϑ AI kiA. (1.131)
If the 1-forms transform as:
δσA
I = DσI + ∆AI , (1.132)
where
DσI = dσI −AJX IJ KσK , (1.133)
and ∆AI is a possible additional term which is annihilated by the embedding tensor
ϑ AI ∆A
I = 0. Then, the covariant derivative given in (??) transforms covariantly
δσDφi = σIϑ AI ∂jk iADφj . (1.134)
The next field strength to be considered are those of the 1-forms, and the most direct way
of building them is through the use of the Ricci identities
D2φi = −F IδIφi. (1.135)
Applying the covariant derivative to (??) we find
D2φi = dDφi −AIδIDφi. (1.136)
Comparing (??) and (??) we can see that
F I = dAI − 1
2
X IJ KA
J ∧AK + ∆F I , (1.137)
where, as before, ∆F I is a possible additional term that is annihilated by the embedding
tensor ϑ AI ∆F
I = 0. We want F I to be a gauge covariant field strength (up to a terms
annihilated by ϑ AI ), but it transforms as follows:
δσF
I = σJX IJ KF
K − 2X I(J K)
(
σJFK − 1
2
AJ ∧ δσAK
)
+D∆AI + δσ∆F I . (1.138)
Thus, we need to add ∆F in such a way that its gauge transformation δσ∆F
I annihilates
the unwanted terms in (??). ∆F I has to be a linear combination of the 2-forms Bx
∆F I = ZIxBx, (1.139)
where ZIx is a new deformation tensor annihilated by the embedding tensor
QAx ≡ ZIxϑ AI = 0. (1.140)
The ZIx tensor must also be gauge invariant. Therefore, a new quadratic constrain
appears20
Q JxI ≡ X KI JZKx +X xI yZKy = 0, X xI y ≡ ϑ BI T xB y. (1.141)
20In d = 4 dimensions, since x is an adjoint index, ZIx has essentially the same indices as the embedding
tensor and the simplest possibility will be to identify them. In d = 5 dimensions the two indices I and x
are of the same type and one has to take into account the symmetry of ZIx under the interchange of its
two indices.
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The relation (??) is an orthogonality constraint. All the deformation tensors satisfy
a quadratic constraint associated to their being gauge-covariant, and some of them will
satisfy orthogonality constraints as well. The terms in (??) that are annihilated by the
embedding tensor must be proportional to the new deformation tensor ZIx. Since Bx has
its own Abelian transformations with 1-form parameter σx, we set
∆AI = −ZIxσx, (1.142)
and we demand that a tensor dxJK must exist satisfying
X I(J K) = Z
IxdxJK . (1.143)
The transformation for Bx is
δσBx = Dσx + 2dxJK
(
σJFK − 1
2
AJ ∧ δσAK
)
+ ∆Bx, (1.144)
where ∆Bx is a possible new deformation annihilated by Z
Ix. The vector gauge trans-
formations associated to the terms ZIxσx are called massive or Stu¨ckelberg gauge trans-
formations, and they can be used to fix to a expected value (sometimes eliminate) some
of the 1-forms. The 1-forms being annihilated are called Stu¨ckelberg fields. The terms
ZIxBx are the Stu¨ckelberg couplings and will become mass terms for the 2-forms. The
tensors ZIx are called massive deformations. Depending on the dimensions, ZIx and dxIJ
will have different properties.
In order to find the covariant field strength of the 2-forms Bx we proceed in a similar
way. If we apply de covariant derivative to the Ricci identities eq. (??), we find that a
requirement for gauge invariance of D2φ is that the covariant derivative of F I eq. (??)
must be zero up to a term annihilated by ϑI
A. Thus, the resulting term must be a 3-form
that transforms covariantly, and it must be proportional to ZIx. We get the following
Bianchi identity
DF I − ZIxHx = 0, (1.145)
where Hx is the 3-form field strength that we were looking for. After calculating explicitly
DF I , we obtain Hx up to a term ∆Hx which is annihilated by ZIx, which, in its turn,
has to be a linear combination ZxaC
a of 3-forms Ca where the new deformation tensor
satisfies ZIxZxa = 0.
Again, depending on the dimension, the index a carried by the 3-forms will have
different properties. In d = 4 it will be the same index carried by the deformation tensors,
in d = 5 it will be an adjoint index (3-forms are dual to the Noetehr currents in d = 5 and
in d = 6 it will be the same index as the vector fields, because they are dual.
The gauge transformation of Ca can be found by requiring gauge covariance of Hx
up to terms annihilated by by the new deformation tensor. The Bianchi identity for Hx
has the form
DHx + dxIJF I ∧ F J − ZxaGa = 0, (1.146)
where Ga are the 4-forms field strengths.
As we continue building the higher rank field strengths we will be collecting con-
straints (linear and quadratic) that our new tensors have to satisfy. At some point, we
will reach the highest rank potentials of the tensor hierarchy, and they will have to be
approached in a different way.
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Schematically, we can denote by c] all deformation tensors, including the embedding
tensor, where ] denotes all the corresponding indices. The magnetic duals of the 1-forms
will be the (d − 3)-forms A˜I . Those forms have (d − 2)-form field strengths F˜I . They
will contain in general a Stu¨ckelberg coupling to a (d− 2)-form, that we call CA, and the
coupling tensor is going to be the embedding tensor ϑ AI :
F˜I = DA˜I + ...+ ϑ AI CA. (1.147)
If we take the covariant derivative of the above expression, we find the field strength (a
(d− 1)-form) of CA, which we call GA, up to terms that are annihilated when contracted
with ϑ AI . These extra terms in GA form Stu¨ckelberg couplings for the (d − 1)-form po-
tentials. The coupling tensors will vanish upon contraction of the adjoint index with the
embedding tensor. We will construct them in the following way.
All the deformation tensors must be gauge-invariant tensors, and if their gauge transfor-
mations are written as
δΛc
] = −ΛIQ ]I , (1.148)
where ΛI(x) are the 0-form gauge-transformation parameters of the 1-forms AI . Then,
the following constraint has to be satisfied
Q ]I ≡ δIc] = 0, (1.149)
by each of them. All the constraints are, by construction, proportional to the embedding
tensor
δIc
] = ϑ AI δAc
], (1.150)
and can be written in the form
Q ]I = −ϑ AI Y ]A , (1.151)
which gives us as many tensors Y ]A as deformation tensors c
] we have . Thus, the (d− 1)-
form field strengths will have the form
GA = DCA + ...+
∑
]
Y ]A D], (1.152)
where, again, we have introduced as many (d − 1)- form potentials D] as deformation
tensors c] we have, transforming in the representation conjugate to the representation in
which the c] transform. The deformation tensors Y ]A are
Y ]A ≡ δAc], Q ]I = −ϑAI Y ]A = 0 (1.153)
The (d−1)-form potentials are dual to all deformation tensors c]. For consistency, to
be included in the action, the deformation parameters c] have to be promoted to fields c](x)
constrained to be constant. The constancy of the deformation tensors c] is implemented
in the action by the term ∫ ∑
]
dc] ∧D]. (1.154)
where the (d− 1)-form potentials D] play the role of Lagrange multipliers.
Now, the d-form field strengths K] of the (d − 1)-form potentials D] will have
Stu¨ckelberg couplings to d-form potentials E[ and therefore
K] = DD] + ...+
∑
[
W []E[. (1.155)
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where the deformation tensors W [] are annihilated by the Y
]
A. The d-form potentials
are associated to all the constraints Q[, and can be understood as Lagrange multipliers
enforcing them in the action via term of the form Q[E[. Calculating W
[
] is difficult.
However, we can circumvent the problem assuming that the constraints can be satisfied
and
δA(Q[E[) =
(
Y ]A
∂Q[
∂c]
)
E[ = 0. (1.156)
From the previous equation, and since the equation has to be satisfied for arbitrary E[,
we have
Y ]A
∂Q[
∂c]
= 0, (1.157)
so that we can make the identification
W [] ≡
∂Q[
∂c]
. (1.158)
Four-dimensional theories
As an example let us take another look to the 4-dimensional theories [?]. We take n
electric vectors AΛµ which can be combined with the magnetic vectors AΛµ in a symplectic
contravariant vector AMµ , where M labels the fundamental representation of Sp(2n,R). In
this case, x→ A and I, J →M,N with T PA N ∈ Sp(2n,R). The most economical choices,
in the sense that they do not require the introduction of new independent tensors apart
from ϑN
A and T MA N , are:
ZMA = ΩNMϑ AN , dAMN = −
1
2
TAMN = −1
2
T PA NΩMP , (1.159)
where ΩMN is the symplectic metric
ΩMN =
(
0 1n×n
1n×n 0
)
, ΩMNΩNP = −δMP , (1.160)
and its inverse defined by
ΩMNΩNP = −δMP , (1.161)
In total, there are three constraints that the embedding tensor must satisfy in order to
guarantee the consistency of the theory. First, it has to satisfy the following quadratic
constraint
QAB ≡ 1
4
ϑM [Aϑ
B]
M = 0, (1.162)
which guarantees that the magnetic and electric gaugings are mutually local. Moreover,
the constraint (??) together with the antisymmetry of ΩMN implies
ZMAϑM
B = ϑMAϑ BM = 0, (1.163)
which is a property of the 4 dimensional case. Second, the quadratic constraint which tell
us that the embedding tensor has to be gauge invariant. (see eq.(??))
Q ANM ≡ −ϑAN
(
T PA Mϑ
A
P − ϑ BM f AAB
)
= 0. (1.164)
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Finally, the third constraint applies to all 4-dimensional supergravities that are free of
gauge anomalies and can be expressed
LMNP ≡ X(MNP ) = 0. (1.165)
These three constraints are related by
QA(MN) − 3LMNPZPA − 2QABTBMN = 0. (1.166)
In chapter ?? we will present the construction of the most general 8-dimensional
theory with gauge invariance, for any field content and duality group. We study the most
general gaugings of its global symmetries and the possible massive deformations using the
embedding tensor formalism, constructing the complete tensor hierarchy using the Bianchi
identities. In chapter ?? we particularize it to the field content, d-tensors and duality group
of the maximal 8-dimensional supergravity and we focus on a family of SO(3) gaugings.
1.1.5 A gentle introduction to Supergravity
Supergravity theories are theories which contain bosonic (B) and fermionic fields (F ) and
are invariant under some local supersymmetry transformations, generated by the spinors
, which take the generic form
δB ≈ ¯F , (1.167)
δF ≈ B+ ∂.
If the fermionic parameters can be arbitrary functions of the spacetime coordinates
this is a local fermionic symmetry. We can have a theory invariant under similar trans-
formations generated by fermions, but only when the algebra of these fermionic trans-
formations closes on local bosonic transformations including diffeomorphisms we can say
that there is local supersymmetry, and the theory that enjoys this invariance is really a
supergravity theory (SUGRA)21 [?,?].
Local supersymmetry demands the presence of a gauge field which has to be fermionic
and carries the same (“adjoint”) indices as the local supersymmetry parameter (x):, Ψµ,
the gravitino field. Moreover, invariance under diffeomorphisms demands another “gauge
field”: the metric gµν .
Supergravity theories are a generalization of the theory of General Relativity. In
a classical field theory, the B fields transform under the tensorial representations of the
Lorentz group SO(1, 3), but the F fields transform under spinorial representations of
Spin(1, 3), the universal cover of SO(1, 3). Therefore, contrary to what happens with
the bosonic fields, they cannot be identified with a section of either the tangent or the
cotangent bundle of the spacetime manifold M. The problem is solved by introducing a
new mathematical structure: a spin bundle. The fermions are going to be sections of this
bundle. Then, if M admits this structure, we can use the Weyl-Cartan-Sciama-Kibble
formalism. In this formalism, instead of using the metric g as the dynamic field associated
21It differs from κ–symmetry which is a fermionic symmetry, and in most models where it occurs, a gauge
field is not necessary for its realization. κ –symmetry is typically an on-shell symmetry and consequently,
there is no simple way to construct higher order κ–invariants. κ–symmetric actions are basically sigma
models in which the target space is a superspace [?].
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to gravity we use the Vierbein e. Both fields are related by g = η(e, e), where η is the flat
metric [?,?,?].
With the use of the Vierbein, the theory can be written as manifestly invariant
under local Spin(1, 3) transformations. We also introduce the spin connection ω which is
considered an auxiliary field of the theory (its equation will be a constraint to the other
fields). Now, the kinetic terms of the spinors can be written using the covariant derivative
D ≈ ∂ + ω.. The Einstein-Hilbert action can be written in the form
SEH(e, ω) =
∫
?R(w) ∧ e ∧ e. (1.168)
The fields of supergravity theories are combined in supermultiplets, and they trans-
form as representations of the super-Poincare´ algebra. There is no a unique super-Poincare´
algebra in general (except in d = 11) and the different possibilities give rise to different
supergravities. The simplest way to classify them is as follows:
• By the dimension (and the signature if we are interested in exotic possibilities) of the
spacetime. This determines the spinorial representations available. In Lorentzian
signature d ≤ 11, because, otherwise, there could be more than one graviton or
higher spin fields.
• By the kind of spinors used to construct the supersymmetry parameters. These can
be composed by more than one of the smallest spinorial representations. In odd
dimensions, this is just a number N . In even dimensions, there are chiral (Weyl)
spinors but not all theories treat both chiralities independently. Non-chiral theo-
ries are denoted by a number N while chiral theories are denoted by two numbers
(N+,N−). N is limited by the condition that there are no more than 32 indepen-
dent components of (x), (There is no more 32 supercharges on the Poincare´ super
algebra.) For example, in d = 11 we have N = 1, in d = 4 we have N ≤ 8.
• By the multiplets they contain. By definition, all of them contain a supermultiplet
that contains the Vielbein and the gravitino, which is called supergravity (super)
multiplet. The rest are called matter supermultiplets by analogy with gravity. The
supergravity multiplet contains the bosonic and fermionic fields that could be con-
sidered as matter from the simple gravity point of view. Some supergravities admit
supermultiplets containing additional gravitini, which can gauge additional super-
symmetries. In some cases (depending on the other matter fields) the theory can
be reformulated as a theory with higher N , with all gravitini in the SUGRA mul-
tiplet, although the limit of independent supersymmetry transformations has to be
respected. Thus, the coupling to additional gravitini can be ignored, if we are only
interested in classifying different supergravity theories, and we can focus only in
matter supermultiplets containing scalars (spin 0), fermions (spin 1/2), p-form fields
(spin 1) with p ≤ d− 3 in d dimensions for a given N
• The same matter multiplets can be coupled in different ways and, in order to define
completely a supergravity theory, we have to describe these couplings. In many
cases, the most efficient way to do it is through the symmetries of the theory which
are allowed by the couplings.
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– Theories in which there are no fields charged with respect to gauge symmetries
are called ungauged (Abelian vector fields are not charged with respect to their
own gauge transformations).
– If there are fields charged under local transformations, the theory is said to be
a gauged SUGRA.
Gauged SUGRAS can be obtained from ungauged SUGRAS by gauging, identifying
the local gauge parameter with those of the gauge transformations of the vector fields
(1-forms) which became gauge fields of the new local symmetry. A systematic way
of studying all possible gaugings of a supergravity theory is the embedding tensor
formalism presented in previous sections. In general (but not always) gauging a
global symmetry while preserving supersymmetry demands the introduction of a
scalar potential which is interesting for phenomenological reasons. Obviously, the
presence of gauge symmetries is also most interesting from the phenomenological
point of view.
The symmetries of Supergravity theories
The local symmetries of ungauged SUGRAS are general coordinate transformations, lo-
cal supersymmetry transformations, local Lorentz transformations and the U(1) gauge
transformations of the p-form fields. The global symmetries are
• R-symmetry: All SUGRA’s with a given d and N have a global symmetry that
only acts on the fermion fields. Furthemore, other symmetries of the theories act
on fermions via induced R- symmetry transformations. For instance, in d = 4, the
smallest spinors are Weyl or Majorana. The R-symmetry group U(N ) acts naturally
in the fundamental representation over complex Weyl spinors.
• Field redefinitions of the scalar fields. Since scalar fields can be seen as embedding
coordinates in some space Mφ, x
µ → φi(x) ∈ Mφ, these field redefinitions can be
seen as coordinate transformations in Mφ (φ
i′ = φ
′i(φ)). The transformations of this
kind that are symmetries of a SUGRA are those that preserve certain structures.
The most basic of them, present in all SUGRAs, is the metric of the scalar manifold
Mφ, Gij . This metric is used to construct the kinetic terms of the scalar fields. The
metric will be preserved if and only if the transformations are isometries of Gij . For
low N and d, these metrics need not have any isometries, but all of them must admit
a sort of bundle structure in which the R-symmetry group plays an important role.
For N ≥ 3 in d = 4, for N ≥ 2 in d = 5 and for any N in d ≥ 6 all the Mφ’s are
Riemannian symmetric spaces.
In the following, we introduce particular examples of supergravity theories in differ-
ent dimensions which are of interest for the results of this thesis.
11-dimensional supergravity
In this section we describe a few aspects of the the 11-dimensional supergravity. In eleven
dimensions the Dirac matrices have n = 32× 32 dimensions, then it is easily seen that the
field theory content of the d = 11 theory is the following:
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• The Elfbein22 eaµ
• A Majorana fermion23 Ψµ with spin 3/2
• A completely antisymmetric gauge tensor24 Cµνρ
The bosonic fields of N = 1, d = 11 supergravity are the Elfbein and a the 3-form
potential25 {
ˆˆe ˆˆµ
ˆˆa,
ˆˆ
C ˆˆµˆˆν ˆˆρ
}
. (1.169)
The field strength of the 3-form is
ˆˆ
G = 4 ∂
ˆˆ
C , (1.170)
which is invariant under the gauge transformation
δ
ˆˆ
C = 3 ∂ ˆˆχ , (1.171)
where ˆˆχ is a 2-form.
The action for these bosonic fields is
ˆˆ
S =
∫
d11 ˆˆx
√
|ˆˆg|
[
ˆˆ
R− 12·4! ˆˆG2 − 164 1√|ˆˆg|
ˆˆ∂
ˆˆ
C∂
ˆˆ
C
ˆˆ
C
]
. (1.172)
The action (??) is invariant under Abelian gauge transformations of the three form, which
together with the requirement of the absence of terms with more than two derivatives
implies that the action is polynomial in
ˆˆ
C ˆˆµˆˆν ˆˆρ. We are interested in different types of
compactifications of the 11-dimensional supergravity to eight dimensions.
The AAMO supergravity
We present the results of compactification, using standard dimensional reduction on T 3,
of the 11-dimensional supergravity (??). We closely follow [?].
The KK Ansatz for the Elfbein is given by
(
ˆˆe ˆˆµ
ˆˆa
)
=
 eµa emiAmµ
0 em
i
 , ( ˆˆeˆˆa ˆˆµ) =
 eaµ −Ama
0 ei
m
 , (1.173)
where Ama = ea
µAmµ. Moreover, the internal metric on T
3 is defined as:
Gmn = em
ien j = −emienjδij . (1.174)
For future convenience, we label the KK vector with an upper index 1, i.e. A1mµ. The 11-
dimensional 3-form is decomposed by identifying objects with flat 11- and 8-dimensional
22It represents (d−2)(d−2)
2
− 1 = 44 degrees of freedom.
23It represents 32(d−3)
2
= 128 degrees of freedom.
24It has 84 components.
25Index conventions: ˆˆµ (ˆˆa) are curved (flat) 11-dimensional, µ (a) are curved (flat) 8-dimensional, and
m (i) are curved (flat) 3-dimensional (compact space). The signature is (+− · · ·−).
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flat indices (up to factors coming from the rescaling of the metric). Similarly, the 11-
dimensional 4-form field strength can be decomposed into the above 8-dimensional field
strengths. Using the above Elfbein Ansatz, one finds
S =
∫
d8x
√|gE | {RE + 14Tr (∂MM−1)2 + 14Tr (∂WW−1)2
−14F imMmnWijF j n + 12·3!HmMmnHn − 12·4!e−ϕG2 ,
− 1
63·24
1√
|gE |

[
GGa− 8GHmA2m + 12G(F 2m + aF 1m)Bm
−8mnpHmHnBp − 8G∂aC − 16Hm(F 2m + aF 1m)C
]}
.
(1.175)
where the symmetric Sl(2,R)/SO(2) matrix is given by
W = 1=m(τ)
 |τ |2 <e(τ)
<e(τ) 1
 , (1.176)
where τ is the complex combination
τ = a+ ie−ϕ. (1.177)
where
F 1m = 2∂A1m , (1.178)
and where we have rescaling the resulting 8-dimensional metric to the Einstein frame
gµν = e
ϕ/3gE µν . The kinetic term forM is an Sl(3,R)/SO(3) sigma model and the fields
arising from
ˆˆ
C ˆˆµˆˆν ˆˆρ are
{
Cµνρ, Bµν m, A
2m
µ, a
}
. These field strengths inherit the following
gauge transformations from 11-dimensional gauge and general coordinate transformations
of
ˆˆ
C:
δC = 3∂Λ− 6A1m∂Λm + 3mnpA1mA1n∂Λ2 p ,
δBm = 2∂Λm − 2mnpA1n∂Λ2 p ,
δA2m = ∂Λ2m .
(1.179)
The gauge-invariant field strengths of the above fields are
G = 4∂C + 6F 1mBm ,
Hm = 3∂Bm + 3mnpF
1nA2 p ,
F 2m = 2∂A2m ,
(1.180)
and lead to the following non-trivial Bianchi identities:
∂G = 2F 1mHm ,
∂Hm =
3
2mnpF
1nF 2 p ,
(1.181)
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The kinetic terms (except for that of C) are explicitly invariant under Sl(2,R) transfor-
mations
W ′ = ΛWΛT , F im ′ = F j m (Λ−1)
j
i , Λ ∈ Sl(2,R) , (1.182)
and Sl(3,R) transformations
M′ = KMKT , F im ′ = F i n (K−1)
n
m , H ′m = Km
nHn , K ∈ Sl(3,R) . (1.183)
The equation of motion for the kinetic term of C together with the Bianchi identity, can
be written:
∂Gi = 2F imHm , (1.184)
where
G1 ≡ G , G2 ≡ −e−ϕ?G− aG . (1.185)
Gi transforms as a doublet under Sl(2,R) (just like the doublet F im) and there-
fore, the above equation of motion is covariant under Sl(2,R) electric-magnetic duality
transformations. The remaining equations of motion are covariant under Sl(2,R) trans-
formations as well.26 Thus, the 8-dimensional supergravity (AMMO) has the following
bosonic fields:
{gµν , C,Bm, A1m, A2m, a, ϕ,Mmn} , (1.186)
with field strengths given by eqs. (??), (??) and action given by eq. (??). The scalars
parametrize Sl(3,R)/SO(3) and Sl(2,R)/SO(2) sigma models. The action has the global
invariance group Sl(3,R) but the equations of motion are also invariant under Sl(2,R)
electric-magnetic duality transformations.
The SS supergravity
Here we present what we have called the SS supergravity in eight dimensions. In [?] Salam
and Sezgin compactified the 11-dimensional supergravity (??) to 8 dimensions using the
Scherk and Schwarz’s procedure on a SU(2) internal manifold obtaining a SU(2) gauged
d = 8 supergravity. The gauged theory does not exhibit all the duality symmetries of the
ungauged one. In particular, gauging usually break all electric-magnetic dualities.
Using the vielbein ansatz
V AM =
 e−kφ/3eaµ 0
2e2kφ/3AαµL
i
α e
2kφ/3Liα
 , V MA =
 ekφ/3eµa −2ke2kφ/3Aαµeµα
0 e−2kφ/3Lαi
 ,
(1.187)
where µ, a = 0, 1, ..., 7 and α, i = 8, 9, 10 and Liα is the unimodular matrix (detL
i
α =
1) that represents the five scalars of the theory. φ is the sixth scalar arising from the gravity
sector. The objects defined in (??) have the following dependences in the coordinates
eaµ = e
a
µ(x), (1.188)
Aαµ(x, y) = (U
−1)α(y)Aβµ(x), (1.189)
Liα(x, y) = U
β
αL
i
β(x), (1.190)
26 The structures are very similar to those of N = 4, d = 4 supergravity), the obvious difference being
that in four dimensions we dualize 2-form field strengths and in eight dimensions we dualize 4-form field
strengths.
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where x labels the d = 8 spacetime (x0, x1, ..x7), and y the remaining three coordinates
(x8, x9, x10). The matrix U
β
α is a 3 × 3 invertible matrix, this matrix is taken to be an
SU(2) group element. Liα can be considered as a representative of the SL(3,R)/SO(3)
coset. The bosonic action is
S =
∫
1
4
R− 1
4
e2φFαµνF
µνβgαβ − 1
4
PµijP
µij − 1
2
(∂φ)2 − 1
4
e−4φ(∂µB)2
− 1
16
g2e−2φ(TijT ij − 1
2
T 2)− 1
48
e2φGµνρσG
µνρσ − 1
2
GµνρiG
µνρi
−1
4
e−2φGµνiGµνi − 1
24.72
e−1ν1...ν8 (BGν1....G...ν8 − 8Gν1...G..ν7iBν8i
−8ijkGν1ν2ν3iGν4ν5ν6jBν7ν8k + 12Gν1..Gν5ν6iBν7ν8i
−12Gν1ν2ν3iGν4ν5iBν6ν7ν8 + 8Gν1..ν4Bν5ν6νt∂ν8B) , (1.191)
where T ij = LiαLβδ
αβ T = T ijδij , e = det e
a
µ. Moreover, Pµij = e
a
µPaij and it satisfies
Lαi (∂µδ
β
α − gαβγAγµ)Lβj = Pµij +Qµij (1.192)
Pµij is the symmetric and traceless part of the left hand side of the previous equations.
The field strengths are
Fαµν = ∂µA
α
ν − ∂νAαµ + gαβγAβµAγν . (1.193)
The Bianchi identities satisfied by the field strengths are
D[λGµνρσ] = 4kFα[λµGνρσ]α, (1.194)
D[λGµνρ]α = 3kαβγF β[λµGνρ]γ , (1.195)
D[λGµν]α = 2kFα[λµ∂ν]B −
1
3k
gGλµνα. (1.196)
Thus, the bosonic field content of the N = 2, d = 8 is given by
(gµν , Aµνρ, 3Aµν6Aµ, 7φ), (1.197)
being all bosonic fields real. The spinor field are pseudo Majorana. The automorphism
group of the superalgebra is SU(2). The scalars transform as 5 + 1 + 1 under SU(2).
1.2 Modified theories of gravity
In this section we introduce the theories usually called “modified theories of gravity”.
After a brief justification of the need to introduce corrections to General Relativity, we
proceed to introduce the f(R) theories of gravity. Then, we focus on Lovelock theories of
gravity an their properties.
1.2.1 From General relativity to higher order gravities and beyond
A field theory can be described conveniently using a variational principle and Einstein’s
theory is not an exception. The only independent scalar (constructed from the metric and
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its derivatives) that is at most second order in the derivatives of the metric is the Ricci
scalar.27 Thus, the simplest candidate for an action is the Einstein-Hilbert action
SEH =
∫
d4x
√−gR. (1.198)
This action is quadratic on the first derivatives of the metric up to total derivatives. The
equations of motion obtained from (??), are the Einstein equations in vacuum
Rµν − 1
2
Rgµν = 0 (1.199)
The functional (??) can accommodate a matter term and a cosmological constant Λ, the
resulting action is
SEH =
∫
d4x
√−g(R+ 2Λ + Lm). (1.200)
where Lm is the matter Lagrangian. The equations of motion of the metric coming
from this action are
Rµν − 1
2
Rgµν + Λgµν =
8piG
c4
Tµν , (1.201)
where Tµν is the energy-momentum tensor given by
Tµν ≡ −2√−g
δ(
√−gLM )
δgµν
. (1.202)
The tensors gµν and Gµν = Rµν − 12Rgµν are the only two-index tensors that are
symmetric and divergence free that can be build from the metric tensor and its derivatives
and which are, at most, of second order in those derivatives.28
Many of the predictions that follow from the cosmological Einstein Equations (??),
have been tested experimentally to high accuracy and, therefore, any generalization must
reproduce (??) in some limit. The best way to ensure this is by adding new terms to the
Einstein-Hilbert action, that introduce only small corrections -possibly at high energy or
big curvature- to the experiments.
The simplest modifications to GR come from the addition of invariants of higher or-
der in the Riemann curvature tensor. These modifications do not require the introduction
of extra fields. Moreover, the modified theories remain dynamical metric theories with
matter minimally coupled to the metric, therefore satisfying the Weak Equivalent Princi-
ple (WEP). Superstring Theories predict an infinite number of higher-order corrections to
the EH action. Their effective gravitational theories are higher-order gravity theories, al-
though only the lowest order corrections are explicitly known. As expected, the AdS/CFT
duals of these higher order gravities are more general than those corresponding to GR.
The higher order terms modify the behaviour of the gravitational field when curvature
is strong, and these corrections will be important when studying inflationary cosmology,
spacetime singularities and black hole physics.
27The Kretschman scalar RµνσρR
µνσρ is another scalar that we can construct from the Riemann tensor
that is itself made from second derivatives of the metric.
28The formalization of this statement is the Lovelock theorem: In four dimensions any tensor Pµν whose
components are function of the metric tensor gµν and its first and second derivatives (although linear
in the second derivatives), and also symmetric and divergence-free, then the only possible for of Pµν is
Pµν = αGµν + βgµν where Gµν is the Einstein tensor and α, β are arbitrary constants.
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Historically, only four years after of the appearance of GR, first Weyl [?] and later
Eddington [?] proposed new theories by including higher order terms in the action. How-
ever it was not until the 60‘s that the scientific community started to focus its attention to
extending GR. The reason behind this interest was a theoretical one: as a quantum filed
theory, GR is not renormalizable and, therefore, it is not a consistent quantum filed theory.
Utiyama and De Witt [?] showed that, in order to be renormalizable at one-loop, GR has
to be supplemented by higher curvature terms. Later on, Stelle [?] proved that gravita-
tional actions which include terms quadratic in the curvature tensor are renormalizable,
but the price to pay is the loss of unitarity. Moreover, in the context of String Theory,
the α′ corrections appearing in the effective SUGRA equations of motion, are present in
the form of higher-order terms in the Riemannian tensor. All those corrections should
become relevant in very strong-coupling regimes and curvatures. Therefore, corrections to
GR would become important only near to Planck scales.
On the other hand, a possibility to be explored is that the the dark matter and dark
energy problems are solved by modifying GR instead of modifying the energy-momentum
tensor (matter and energy content of the Universe).
It is clear that a modification of GR is needed or that, at the very least, exploring
the possible modifications of GR is an interesting problem. However, it is very difficult to
decide how to deform GR because there are many possible ways to do it and, therefore,
many proposals. The higher order gravities we are going to focus on are purely metric
theories of gravity. Their actions are of the general form
S =
∫ √−gd4xf(gµν , Rµνσρ,∇α1Rµνσρ, ...,∇(α1...∇αm)Rµνσρ), (1.203)
where f is a scalar function of the metric, the Riemann tensor and its covariant derivatives.
Higher-curvature contributions usually will result in higher-derivative operators acting on
gµν which usually lead to field equations of order higher than two.
29 We are going to start
with the simplest case: the f(R) theories. Here the effects of strong curvature appear
only through the scalar curvature. It is one of the most popular theories for explaining
the large-scale phenomena. f(R) theories are easy to handle and ideally suited as a toy
theories. There is also another important physical reason for considering them: they seem
to be the only ones avoiding the Ostrogradsky instability [?].30
1.2.2 f(R) theories of gravity
Here we give a quick introduction to f(R) theories of gravity [?,?]. The action for these
theories is
S =
∫
d4x
√−gf(R), (1.204)
where f(R) is some function of the curvature scalar. If we take a series expansion of f we
have
f(R) = ...+
a1
R
− 2Λ +R+ b2R2 + .. (1.205)
where the coefficients ai and bj have the needed dimensions, clearly for a linear f(R) we
obtain GR.
29There are some exceptions to this statement.
30The Ostrogradski theorem can be stated in this form: If the higher order time derivative Lagrangian
is non-degenerate, there is at least one linear instability in the Hamiltonian of this system. See [?] [?].
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Adding a matter term SM to the action (??) we obtain the new action
S =
∫
d4x
√−gf(R) + SM (gµν , ψ), (1.206)
and (using the second order formalism) the equations of motion for the metric are31 [?]:
f ′(R)Rµν − 1
2
f(R)gµν − [∇µ∇ν − gµν]f ′(R) = κTµν , (1.207)
where the prime stands for differentiation with respect to the argument, ∇µ denotes de
covariant derivative compatible with the metric,and  ≡ ∇µ∇µ. Since R already contains
second derivatives of the metric, the e.o.m’s (??) are going to be of fourth order partial
differential equation of the metric.
Taking the trace of equation (??) we obtain
f ′(R)R− 2f(R) + 3f ′(R) = κT, (1.208)
where T = gµνTµν . Contrary to what happens in GR where R = −κT , here the scalar
curvature R is related with T differentially. This implies that f(R) theories will admit a
larger variety of solutions than General Relativity. For instance, in f(R) theories T = 0
does not imply R = cte. In the case of maximally symmetric spaces, the equation (??)
reduces to
f ′(R)R− 2f(R) = 0. (1.209)
For a given f , the previous equation is an algebraic equation of R, and only if R = 0, is
a root of (??) the equation (??) reduces to Rµν = 0, giving as a maximally symmetric
solution the Minkowski spacetime. If we go a little further and set R = Λ, where Λ is a
constant, then (??) reduces to Rµν = gµν
Λ
4 and the maximally symmetric solution is the so
called de Sitter (anti- de Sitter) space, exactly the same solution of GR with cosmological
constant.
In f(R) theories matter is minimally coupled to the metric. Then, it can be shown
that Tµν is divergence-free on- shell. We can arrive to the same conclusion by checking that
the left-hand side of (??) is divergence-free which in its turn implies that ∇µTµν = 0 [?].
In 4 dimensions any higher order curvature invariant either gives a pure divergence
term (not contributing to the e.o.m) or, adds higher order derivatives to the field equations.
In higher dimensions this is no longer true. Lovelock’s theorem that asserts the existence
of theories containing higher order curvature invariants with second order equations of
motion. These theories are called Lovelock theories and we will introduce them in the
next section.
1.2.3 Lovelock theories of gravity
One desirable property of any physical theory is that the e.o.m. are of second order in the
fundamental variables, and we would like to generalize the Einstein-Hilbert action as much
31Here the boundary terms that appear in the variation do not vanish. Contrary to what happens with
the Einstein-Hilbert action they do not combine into a total variation and therefore we cannot add a term
-the so called Gibbons-Gauss-York term to cancel them. Fortunately, the action includes higher order
derivatives of the metric allowing to fix more boundary conditions than just on the metric. This choice of
fixing will be relevant for the Hamiltonian formulation of the theory although the field equations will be
unaffected.
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as we can maintaining that property. In 1971, Lovelock found the most general theories
having only the metric as a fundamental field, and with second order field equations [?].
In that sense, Lovelock’s theories are the generalisation of GR in higher dimensions and
they reduce to GR in four dimensions.
The most general action of the Lovelock theories is
S =
1
16piG
∫
M
dDx
√
|g|
jmax∑
j=0
λjLj , (1.210)
where the sum goes up to jmax ≤ D−12 , the
√
gLj ’s are the D-dimensional Euler densities
of order j given by
Lj = 1
2j
δ
µ1...µ2j
ν1...ν2j R
ν1ν2
µ1µ2 ..R
ν2j−1ν2j
µ2j−1µ2j , (1.211)
and the generalized Kronecker δ function is defined as
δ
µ1...µj
ν1...νj = j!δ
[µ1
ν1 δ
µ2
ν2 ...δ
µj]
νj . (1.212)
In particular
L0 = 1, (1.213)
L1 = R, (1.214)
L2 = R2 − 4RµνRµν +RµνρσRµνρσ, (1.215)
L3 = R3 − 12RRµνRµν + 16RµνRµσRνσ + 24RµνRρσRµνρσ
+3RRµνρσR
µνρσ − 24RµνRµρσθRνρσθ + 4RµνρσRµνθωRρσθω
−8R σµνρ RµθρωRν θσρω. (1.216)
L0 is a cosmological term, L1 is the Einstein-Hilbert Lagrangian and L2 is the Gauss-
Bonnet one32. Lj vanishes identically for j > [D/2] (for j > D/2 when D is even and
for j > (D − 1)/2 for odd D). The coupling constants λj have dimensions [L]2n−D. The
equations of motion derived when varying the action (??) are
[D/2]∑
j=0
λnΛ
1−j
o Ejµν = 0, (1.217)
where
Ejµν = −
1
2j+1
gαµδ
αµ1....µ2j
νν1...ν2j R
ν1ν2
µ1µ2 ...R
ν2j−1ν2j
µ2j−1µ2j , (1.218)
Λ
−1/2
o is some length scale and where λ′is are dimensionless couplings
The Lovelock theories admit a generalization of Birkhoff’s theorem [?,?]. The lapse
function of the black hole solution can be determined up to a polynomial equation (the
so called Wheeler’s polynomial [?]), and each of the solutions of the polynomial has an
asymptotic behaviour that matches one of the possible maximally symmetric vacua of
the theory [?, ?]. The Lovelock theories [?, ?] coincide with Einstein theory in 3 and
32L1 + L2 is the Lagrangian for the Einstein-Gauss-Bonnet gravity. This theory is renormalizable at
all orders in perturbation theory, although they have ghosts. This problem can be circumvented when we
confine the loss of unitarity in such a way that our theory becomes an effective field theory.
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4 dimensions [?]. In D > 4 the Lovelock action includes the Einstein Hilbert action,
therefore the GR is a particular case of it.
Moreover, as we showed, Lovelock gravities contain the quadratic Gauss-Bonnet
term. This theory presents a very good scenario to study the corrections at short distance
to GR due to the presence of higher curvature terms.
35
Chapter 1. Introduction
36
2
The tensor hierarchy of 8-dimensional field theories
This chapter is based on
Oscar Lasso Andino, Toma´s Ort´ın ,
“The tensor hierarchy of 8-dimensional field theories,”
JHEP 1610 (2016) 098. arXiv:1605.05882[hep-th]. [?].
Over the last years, a great effort has been made to explore the most general field
theories. This exploration has been motivated by two main reasons. First of all there is
the need to search for viable candidates to describe the fundamental interactions known
to us (specially gravity) and the universe at the cosmological scale, solving the theoretical
problems encountered by the theories available today. The second reason is the desire
to map the space of possible theories and the different relations and dualities existing
between them.
In the String Theory context, the landscape of N = 1, d = 4 vacua has focused
most of the attention, but more general compactifications have also been studied. At
the level of the effective field theories the exploration has been carried out within the
space of supergravity theories. Most ungauged supergravity theories (excluding those of
higher order in curvature) and some of the gauged ones have been constructed in the
past century [?], but the space of possible gaugings and massive deformations (related
to fluxes, symmetry enhancements etc. in String theory) has started to be studied in a
systematic way more recently with the introduction of the embedding-tensor formalism in
Refs. [?,?,?]. The formalism was developed in the context of the study of the gauging of
N = 8, d = 4 supergravity in Refs. [?,?], but it has later been used in theories with less
supersymmetry in different dimensions.1
The embedding-tensor formalism comes with a bonus: the tensor hierarchy [?,?,?,
?,?]. Using electric and magnetic vector fields in d = 4 dimensions as gauge fields requires
the introduction of 2-form-potentials in the theory, which would be dual to the scalars.
In d = 6 dimensions certain gaugings require the introduction of magnetic 2-form and
3-form potentials [?]. But the addition of higher-rank potentials does not stop there: as a
general rule, the construction of gauge-invariant field strengths for the new p-form fields
requires the introduction of (p+ 1)-form fields with Stu¨ckelberg couplings. This leads to a
tensor hierarchy that includes all the electric and magnetic fields of the theory and opens
up the systematic construction of gauged theories: construct the hierarchy using gauge
invariance as a principle expressed through the Bianchi identities and find the equations
1See, for instance, Chapter 2 in Ref. [?], which contains a pedagogical introduction to the formalism
and references.
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of motion by using the duality relations between electric and magnetic fields of ranks p
and d− p− 2.
This approach has been used in Refs. [?, ?] to construct the most general 4-, 5-
and 6-dimensional field theories2 with gauge invariance with at most two derivatives. In
this paper we want to consider the 8-dimensional case and construct the most general
8-dimensional field theory with gauge invariance and of second order in derivatives in the
action: tensor hierarchy, Bianchi identities, field strengths, duality relations and action.3
Our main motivation for considering this problem is to simplify and systematize
the construction of a one-parameter family of inequivalent gaugings with the same SO(3)
group of maximal 8-dimensional supergravity, whose existence was conjectured in Ref. [?]:4
using Scherk-Schwarz’s generalized dimensional reduction [?] Salam and Sezgin obtained
from 11-dimensional reduction an 8-dimensional SO(3)-gauged maximal supergravity in
which the 3 Kaluza-Klein vectors played the role of gauge fields [?].5 The ungauged
theory, though, has a second triplet of vector fields coming from the reduction of the 11-
dimensional 3-form that can also be used as gauge fields and an SL(2,R) global symmetry
that relates these two triplets of vectors, suggesting one could use as gauge fields any linear
combination of these triplets.
The gauged theory in which the second tripet of vectors (those coming from the
reduction of the 11-dimensional 3-form) played the role of gauge fields was obtained in
Ref. [?] by dimensional reduction of a non-covariant deformation of 11-dimensional su-
pergravity proposed in Ref. [?, ?].6 This theory has different Chern-Simons terms and
a different scalar potential and provides an early example of inequivalent gauging with
the same gauge group of a given supergravity theory. However, for the reasons explained
above, the existence of a full 1-parameter family of inequivalent SO(3) gaugings is ex-
pected and it would be interesting to construct it and compare it with the 1-parameter
family of inequivalent7 SO(8) gaugings of N = 8, d = 4 supergravity obtained in Ref. [?]
and consider the possible higher-dimensional origin of the new parameter.
The construction of that 1-parameter family interpolating between Salam-Sezgin’s
theory and that of Ref. [?] is a complicated problem that will be addressed in a forthcoming
publication [?]. In this paper we want to consider the general deformations (gaugings and
massive transformations) of generic 8-dimensional theories. This result paves the way for
the constraction of the 1-parameter family of gauged N = 2, d = 8 theories which is our
2Not only supergravities, since use the embedding-tensor formalism is not restricted to supergravity
theories.
3The tensor hierarchy of maximal 8-dimensional supergravity has been constructed in Ref. [?] in the
context if exceptional field theory.
4By inequivalent here we mean theories which have different interactions, including, in particular,
different scalar potentials. A more restrictive definition of inequivalent theories (a more general concept of
equivalence of theories) is often used in the literature (in Ref. [?], for instance): theories related by a field
redefinition (including non-local field redefinitions such as electric-magnetic dualities) are not considered
to be inequivalent. With this definition, the theories in the family we are talking about would not be
considered to be inequivalent.
5Other, more general, gaugings can be obtained via Scherk-Schwarz reduction [?, ?], but it is always
the Kaluza-Klein vectors that play the role of gauge fields.
6Many gauged supergravities whose 11-dimensional origin is unkonown or, in more modern parlance,
they contain non-geometrical fluxes (like Roman’s 10-dimensional massive supergravity or alternative,
inequivalent gaugings of other theories) can be obtained systematically from this non-covariant deformation
of 11-dimensional supergravity [?], which seems to encode many of these non-geometrical fluxes.
7Inequivalent in the more restrictive sense explained above.
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ultimate goal. However, it is an interesting problem by itself whose solution will provide us
with the most general theories with gauge symmetry in 8 dimensions up to two derivatives.
The construction of the most general 8-dimensional theory with gauge symmetry
and at most two derivatives, and this paper, are organized as follows: first, in Section ??,
we study the structure and symmetries (including electric-magnetic dualities of the 3-
form potentials) of generic (up to second order in derivatives) 8-dimensional theories with
Abelian gauge symmetry and no Chern-Simons terms.
In Section ??, we consider Abelian, massless deformations of those theories, which
consist, essentially, in the introduction via some constant “d-tensors” of Chern-Simons
terms in the field strengths and action. The new intereactions are required to preserve the
Abelian gauge symmetries and, formally, the symplectic structure of the electric-magnetic
duality transformations of the 3-form potentials. We determine explicitly the form of all
the electric and magnetic field strengths up to the 7-form field strengths, and give the
gauge-invariant action in terms of the electric potentials. This will be our starting point
for the next stage.
In Section ?? we consider the most general gauging and massive deformations
(Stu¨ckelberg couplings) of the Abelian theory constructed in the previous section using
the embedding-tensor formalism. We proceed as in Refs. [?,?], finding Bianchi identities
for field strengths from the identities satisfied by the Bianchi identities of the lower-rank
field strengths and, then, solving them. We have found the Bianchi identities satisfied by
all the field strengths and we have managed to find the explicit form of the field strengths
up to the 6-form.
In this approach, the “d-tensors” that define the Chern-Simons terms will be treated
in a different way as in Ref. [?]: they will not be treated as deformations of the theory to
be gauged, but as part of its definition. Therefore, we will not associate to them any dual
7-form potentials.
In Section ?? we study the construction of an action for the theory. The equations
of motion are related to the Bianchi identities by the duality relations between electric
and magnetic field strengths, but, at least in this case, they are not directly equal to
them. In general they can be combinations of the Bianchi identities. To find the right
combinations we derive the Noether identities that the off-shell equations of motion of
these theories should satisfy as a consistency condition that follows from gauge invariance.
Then, we compare those Noether identities with the identities satisfied by the Bianchi
identities. Once the equations of motion have been determined in this way, we proceed
to the construction of the action, which we achieve up to terms that only contain 1-forms
and their derivatives, whose form is too complicated.
Section ?? contains our conclusions and the main formulae (field strengths, Bianchi
identities etc.) of the ungauged and gauged theories are collected in the appendices to
simplify their use.
2.1 Ungauged d = 8 theories
In this section we are going to consider the construction of generic (bosonic) d = 8 theories
coupled to gravity containing terms of second order or lower in derivatives of any given
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field8. The field content of a generic d = 8 theory are the metric gµν , scalar fields φ
x,
1-form fields AI = AIµdx
µ, 2-form fields Bm =
1
2Bmµνdx
µ ∧ dxν and 3-form fields Ca =
1
3!C
a
µνρdx
µ ∧ dxν ∧ dxρ. For the moment, we place no restrictions on the range of the
indices labeling these fields nor on the symmetry groups that may act on them leaving the
theory invariant.
We are going to start by the simplest theory one can construct with these fields to
later gauge it and deform it in different ways.
The simplest field strengths one can construct for these fields are their exterior
derivatives:
F I ≡ dAI , Hm ≡ dBm , Ga ≡ dCa . (2.1)
They are invariant under the gauge transformations
δσA
I = dσI , δσBm = dσm , δσC
a = dσa , (2.2)
where the local parameters σI , σm, σ
a are, respectively, 0-, 1-, and 2-forms.
The most general gauge-invariant action which one can write for these fields is
S =
∫ {− ? 1R+ 12Gxydφx ∧ ?dφy + 12MIJF I ∧ ?F J + 12MmnHm ∧ ?Hn
−12=mNabGa ∧ ?Gb − 12<eNabGa ∧Gb
}
,
(2.3)
where the kinetic matrices Gxy,MIJ ,Mmn,=mNab as well as the matrix <eNab are scalar-
dependent9. One could add CS terms to this action, but this possibility will arise naturally
in what follows.
The equations of motion of the 3-forms Ca can be written in the form10
δS
δCa
= −d δS
δGa
= 0 ,
δS
δGa
= Ra ≡ −<eNabGb −=mNab ? Gb . (2.5)
These equations can be solved locally by introducing a set of dual 3-forms Ca im-
plicitly defined through their field strengths Ga
Ra = Ga ≡ dCa . (2.6)
It is convenient to construct vectors containing the fundamental and dual 3-forms:
(Ci) ≡
(
Ca
Ca
)
, Gi ≡ dCi , (2.7)
8The Chern–Simons (CS) terms may have terms with more than two derivatives, but they do not act
on the same field.
9If <eNab is constant, then the last term is a total derivative.
10The equation of motion of a p-form field, δS/δω(p), is an (8− p)− form defined by
δS = +
δS
δφx
∧ δφx + δS
δAI
∧ δAI + δS
δBm
∧ δBm + δS
δCa
∧ δCa . (2.4)
With our conventions, when acting on p-forms, ?2 = (−1)p−1.
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so that the equations of motion and the Bianchi identities for the fundamental field
strengths take the simple form
dGi = 0 . (2.8)
In other words: we have traded an equation of motion by a Bianchi identity and
a duality relation. In what follows we will do the same for all the fields in the action so
that, in the end, we will have only a set of Bianchi identities and a set of duality relations
between magnetic and electric fields.
The vector of field strengths Gi satisfies the following linear, twisted, self-duality
constraint
? Gi = ΩijWjkGk , (2.9)
where
(Ωij) = (Ω
ij) ≡
(
0 1
−1 0
)
, (2.10)
is the symplectic metric and
(Wij(N )) ≡ −
 Iab +RacIcdRdb RacIcb
IacRcb I
ab
 , ΩWΩT =W−1 , (2.11)
is a symplectic symmetric matrix11. The equations (??) are formally invariant under
arbitrary GL(2n3,R) transformations (n3 being the number of fundamental 3-forms) but,
just as it happens for 1-forms in d = 4, the self-duality constraint Eq. (??) is only preserved
by Sp(2n3,R). As usual, the only Sp(2n3,R) transformations which are true symmetries
of the equations of motion are those associated to the transformations of the scalars which
are isometries of Gxy and which also induce linear transformations of the other kinetic
matrices. We will discuss this point in more detail later on.
The dualization of the other fields does not lead to any further restrictions.
In what follows we are going to generalize the simple Abelian theory that we have
constructed by deforming it, adding new couplings. We will use two guiding principles:
preservation of gauge symmetry (even if it needs to be deformed as well) and preservation
of the formal symplectic invariance that we have just discussed.
2.2 Abelian, massless deformations
The deformations that we are going to consider in this section consist, essentially, in the
introduction of CS terms in the field strengths and in the action. Stu¨ckelberg coupling will
11Basically the same that occurs in d = 4 theories, M(N ) see e.g. Ref. [?]. We use a slightly different
convention for the sake of convenience and M(N ) = M(−N ) due to the unconventional sign on the
definition of Ga.
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be considered later. Only the 3- and 4-form field strengths admit these massless Abelian
deformations. It is convenient to start by considering this simple modification of Ga:12
Ga = dCa + daI
mF IBm , (2.12)
where daI
m is a constant tensor. The gauge transformations need to be deformed accord-
ingly:
δσA
I = dσI , δσBm = dσm , δσC
a = dσa − daImF Iσm . (2.13)
The action Eq. (??) remains gauge-invariant but the formal symplectic invariance is bro-
ken: if we do not modify the action, the dual 4-form field strengths are just Ga = dCa and
Sp(2n3,R) cannot rotate these into Ga in Eq. (??). Furthermore, the 1-form and 2-form
equations of motion do not have a symplectic-invariant form.
This problem can be solved by adding a CS term to the action:
SCS =
∫
{−daImdCaF IBm} , (2.14)
that modifies the equations of motion of the 3-forms
− d δS
δdCa
= 0 ,
δS
δdCa
= Ra − daImF IBm . (2.15)
The local solution is now
dCa ≡ Ra − daImF IBm , (2.16)
and, since Ra is gauge-invariant, the dual, gauge-invariant, field strength must be defined
by
Ra = dCa + daI
mF IBm ≡ Ga . (2.17)
Again, (Ci) =
(
Ca
Ca
)
transforms linearly as a symplectic vector if (diI
m) ≡
(
daI
m
daI
m
)
also does. Then, we can define the symplectic vector of 4-form field strengths
Gi = dCi + diI
mF IBm , (2.18)
invariant under the deformed gauge transformations
δσA
I = dσI , δσBm = dσm , δσC
i = dσi − diImF Iσm . (2.19)
However, the deformed gauge transformations do not leave invariant the CS term
Eq. (??). The only solution13 is to add another term of the form14
12We will often suppress the wedge product symbols ∧ in order to simplify the expressions that involve
differential forms.
13We have not found any other.
14We use the compact notation AIJ... = AIAJ · · · , F IJ... = F IF J · · · , Bmn... = BmBn · · · etc., where
we have suppressed the wedge product symbols.
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SCS =
∫
{−daImdCaF IBm − 12daImdaJmF IJBmn} , (2.20)
provided the following constraint holds:
da(I
[mdaJ)
n] = 0 , so di(I
(mdiJ)
n) = 0 . (2.21)
Observe that we are just using formal symplectic invariance: the symplectic vector
diI
m is transformed into a different one. Thus, in general, one gets Sp(2n3,R) multiplets
of theories, except when diI
m is a symplectic invariant tensor,15 which requires, at least,
one of the indices I or m to be a symplectic index. In most cases the part of the symmetry
group of the theory acting on the 3-forms, while embedded in Sp(2n3,R), will be a much
smaller group and, then, full symplectic invariance of diI
m may not be required.
As a nice check of the formal symplectic invariance of the deformed theory, we
can check this invariance on the dual field strengths of the remaining fields16, which is
tantamount to checking the invariance of the equations of motion of the fundamental
fields.
Using the duality relation Ra = Ga the equations of motion of the 1-forms can be
written in the form
δS
δAI
= −d{MIJ ? F J − diImGiBm − 12diImdiJnF JBmn} = 0 , (2.22)
and can be solved by identifying all the terms inside the brackets with dA˜I , where A˜I is
a set of 5-forms. Taking into account gauge invariance, the 6-form field strengths F˜I have
the following definition, duality relation and Bianchi identities:
F˜I ≡ dA˜I + diImGiBm + 12diImdiJnF JBmn , (2.23)
F˜I = MIJ ? F J , (2.24)
dF˜I = diI
mGiHm , (2.25)
and the equations of motion are of the 1-forms given by the Bianchi identities of the dual
6-form field strengths up to duality relations:
δS
δAI
= −
{
dF˜I − diImGiHm
}
. (2.26)
Using the duality relation Ra = Ga and following the same steps for the 2-forms ,
we find
15The only symplectic-invariant vector is 0.
16We leave aside the scalars for the moment.
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H˜m = dB˜m + diI
mF ICi , (2.27)
H˜m = Mmn ? Hn , (2.28)
dH˜m = −diImGiF I , (2.29)
and the equations of motion of the 2-forms are given by the Bianchi identities of the dual
5-form field strengths up to duality relations:
δS
δBm
= −
{
dH˜m + diI
mGiF I
}
. (2.30)
This completes the first Abelian deformation. The second non-trivial deformation
of Ga that one could consider is the addition of a CS 4-form term ∼ daIJKAIF JAK . The
gauge transformation of this term is not a total derivative and we cannot make Ga gauge-
invariant by deforming the gauge transformation rule of Ca only: we must also deform
that of Bm, which, in its turn, induces a deformation of Hm by addition of a CS 3-form
term. Since the deformation of Hm is essentially unique, it is more convenient to start
from this side and redefine
Hm = dBm − dmIJF IAJ , (2.31)
where dmIJ = dmJI
17 which is invariant under the gauge transformations
δσA
I = dσI , δσBm = dσm + dmIJF
IσJ , (2.32)
and satisfies the Bianchi identities
dHm = −dmIJF IJ . (2.33)
Under these gauge transformations and a generic δσC
a
δσG
a = d
(
δσC
a + daI
mF Iσm
)
+ daI
mdmJKF
IJσK . (2.34)
Adding a CS 4-form term to Ga
Ga = dCa + daI
mF IBm − αdaImdmJKAIF JAK . (2.35)
we find
δσG
a = d
[
δσC
a + daI
mF Iσm − αdaImdmJK(σIF JAK −AIF JσK)
]
+daI
mdmJK
[
ασIF JK + (1− α)F IJσK] . (2.36)
The last term can be made to vanish by simply requiring
17The antisymmetric part is a total derivative that can be absorbed into a redefinition of Bm.
44
Chapter 2. The tensor hierarchy of 8-dimensional field theories
αdaI
mdmJK = (α− 1)da(J |mdm|K)I . (2.37)
Symmetrizing both sides of this equation w.r.t. IJK we conclude that
da(I|mdm|JK) = 0 , (2.38)
and going back to the original (unsymmetrized) equation this implies that α = 1/3. We
arrive to the field strength, gauge transformation and Bianchi identities
Ga = dCa + daI
mF IBm − 13daImdmJKAIF JAK , (2.39)
δσC
a = dσa − daImF Iσm + 13daImdmJK(σIF JAK −AIF JσK) , (2.40)
dGa = daI
mF IHm . (2.41)
If these deformations are going to preserve formal symplectic invariance, we expect
that these results extend to the dual 3-forms and 4-forms field strengths, that is:
Gi = dCi + diI
mF IBm − 13diImdmJKAIF JAK , (2.42)
δσC
i = dσi − diImF Iσm + 13diImdmJK(σIF JAK −AIF JσK) , (2.43)
dGi = diI
mF IHm , (2.44)
while the identity
di(I|mdm|JK) = 0 . (2.45)
This requires the introduction of new CS terms in the action. If we define the CS
terms in the 4-form field strengths by ∆Gi (Gi = dCi+∆Gi), then we expect the following
terms to be present:
SCS = −
∫
{dCa∆Ga + 12∆Ga∆Ga} . (2.46)
Instead of checking in detail the gauge-invariance of these terms, it is more convenient
to take the formal exterior derivative and check whether it is entirely given in terms of
the gauge-invariant field strengths found above. if it is not, it should fail only by a total
derivative which we can compensate by adding the corresponding terms to the action.
We have found that one has to relate di(I|mdi|J)n to the tensor dmIJ . The relation
can be established by introducing a new tensor dmnp = −dnmp and is given by
di(I|mdi|J)n = −2dmnpdpIJ . (2.47)
Observe that di[I|mdi|J ]n does not necessarily vanish.
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Using the above relation we find a result of the expected form18
d{dCa∆Ga + 12∆Ga∆Ga} = daImGaF IHm − 13dmnpHmnp + d
{−16dmnpBmdBndBp
+12d
mnpBmHnp +
1
24d
i
I
mdiJ
nAIJ∆HmdBn
}
,
(2.49)
from which it follows that the gauge-invariant CS term in the action is given, up to total
derivatives, by
SCS =
∫ {−dCa∆Ga − 12∆Ga∆Ga − 16dmnpBmdBndBp + 12dmnpBmHnp
+ 124d
i
I
mdiJ
nAIJ∆HmdBn
}
.
(2.50)
Observe that only the completely antisymmetric part of dmnp enters the action,
even though we have only assumed it to be antisymmetric in the first two indices. We will
henceforth assume that dmnp is completely antisymmetric.
Now, as a final check of the consistency of our results, we can compute the dual field
strengths H˜m and F˜I , which should be formally symplectic invariant if the theory is, and
their Bianchi identities, which should be given entirely in terms of other field strengths if
the theory is indeed gauge invariant.
We find
H˜m = dB˜m + diI
mCiF
I + dmnpBn(Hp + ∆Hp) +
1
12d
i
I
mdiJ
nAIJ∆Hn , (2.51)
dH˜m = diI
mGiF
I + dmnpHnp , (2.52)
F˜I = dA˜I + 2dmIJA
J(H˜m − 12∆H˜m)−
(
diI
mBm − 13diJmdmIKAJK
)
(Gi − 12∆Gi)
−13
(
diI
mdmJK − diKmdmIJ
)
F JAKCi − dmnpdmIJAJBnHp
+ 124
(
diK
mdiL
ndmIJ + 2d
i
[I|mdi|K]ndmJL
)
F JAKLBn +
1
24d
i
J
mdniKdmILA
JKLdBn
− 1180diLndiQmdmIJdnPKAJKLQFP , (2.53)
dF˜I = 2dmIJF
JH˜m + diI
mGiHm . (2.54)
The duality relations are the same as in the undeformed case.
18We use repeatedly the identity
2diI
mdiJ
nF IAJ∆Hn = −6dmnp∆Hn∆Hp + d{ 12diImdiJnAIJ∆Hn} . (2.48)
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As a further check of this construction, taking the exterior derivative of the Bianchi
identities of all the field strengths one finds consistent results upon use of the properties
of the deformation tensors diI
m, dmIJ , d
mnp.
We will not compute the gauge transformations of the higher-rank form fields since
they will not be necessary in what follows.
2.2.1 The 6-form potentials and their 7-form field strengths
On general grounds (see [?] and references therein) the 6-form potentials are expected to
be the duals of the scalars. However, maintaining the manifest invariances of the theory in
the dualization procedure requires the introduction of as many 6-forms DA as generators of
global transformations δA leaving the equations of motion (not just the action) invariant.
Hence, the index A labels the adjoint representation of the duality group. The 7-form field
strengths KA are the Hodge duals of the piece j
(σ)
A (φ) of the Noether–Gaillard–Zumino
(NGZ) conserved 1-form currents jA = j
(σ)
A (φ) + ∆jA associated to those symmetries (or,
better, dualities) [?] which only depend on the scalar fields19
KA ≡ − ? j(σ)A , (2.55)
and their Bianchi identities follow from the conservation law for those currents
dKA = d ? j
(σ)
A = d ? (j
NGZ
A −∆jA) = −d ?∆jA , (2.56)
where we have used the conservation of the NGZ current.
The simplest procedure to compute ∆jA is to contract the equations of motion of
the scalars with the Killing vectors kA
x(φ) of the σ-model metric Gxy(φ), which is given
by
δS
δφx
= −d(?Gxydφy) + 12∂xGyzdφy ∧ ?dφz
+12∂xMIJF I ∧ ?F J + 12∂xMmnHm ∧ ?Hn +Ga∂xGa .
(2.57)
Using the Killing equation, we get
kA
x δS
δφx
= −d?j(σ)A + 12kAx∂xMIJF I∧?F J+ 12kAx∂xMmnHm∧?Hn+GakAx∂xGa . (2.58)
We must now use the fact that the isometry generated by kA will only be a symmetry
of the equations of motion if20
19This is the contribution of the σ-model to the Noether current. The symmetries of the equations of
motion are necessarily symmetries of the σ-model, i.e. isometries of the σ-model metric Gxy(φ) generated
by Killing vectors kA
x. The indices A,B,C label the symmetries of the theory and, therefore, run over
the adjoint representation of the Lie algebra of that symmetry group G. The contribution of the σ-model
to the NGZ 1-form is j
(σ)
A = kA
xGxydφy.
20The transformation rule for the period matrix is unconventional because our definition of the lower
component of the symplectic vector of 4-form field strengths, Ga = Ra is unconventional (the sign is the
oposite to the conventional one).
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kA
x∂xMIJ = −2TAK (IMJ)K ,
kA
x∂xMmn = 2TA(mpMn)p ,
kA
x∂xNab = −TAab −NacTAcb + TAacNcb +NacTAcdNdb ,
(2.59)
where the matrices TA
I
J , TA
m
n and
(
TA
i
j
) ≡ ( TAab TAab
TAab TAa
b
)
, (2.60)
are generators of the symmetry group G in the representation in which the 1-forms, 2-forms
and 3-forms transform
[TA, TB] = fAB
CTC , [kA, kB] = −fABCkC . (2.61)
As we have discussed, this implies that the matrices TA
i
j are generators of the symplectic
group
TA
i
[jΩk]i = 0 . (2.62)
Upon use of the duality relations between field strengths, we find that
− kAx δS
δφx
= d ? j
(σ)
A + TA
J
IF
I F˜J + TA
m
nH˜
nHm − 12TAijGij = 0 , (2.63)
on shell. The exterior derivative of the whole expression vanishes due to the Bianchi
identities of the field strengths and to the invariance of the deformation tensors dmIJ , d
i
I
m
and dmnp under the δA transformations:
δAdmIJ = −TAnmdnIJ − 2TAK (I|dn|J)K = 0 ,
δAd
i
I
m = TA
i
jd
j
I
m − TAJIdiJm + TAmndiIn = 0 ,
δAd
mnp = 3TA
[m|
q dq|np] = 0 .
(2.64)
This means that we can rewrite that equation locally as the conservation of the NGZ
current
d ? jNGZA = 0 , j
NGZ
A ≡ j(σ)A + ∆jA , (2.65)
where ∆jA is a very long and complicated expression whose explicit form will not be useful
for us. A local solution is provided by ?[j
(σ)
A + ∆jA] = −dDA for the 6-form potential DA
and we get the definition of the 7-form field strength
? j
(σ)
A = −dDA + ?∆jA ≡ KA . (2.66)
Its Bianchi identity is given by
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dKA = −d ? j(σ)A = TAIJF J F˜I + TAmnH˜nHm + 12TAijGij . (2.67)
In the kind of theories that we are considering here there is no reason to include
potentials of rank higher than 6, unless we introduce a scalar potential depending on
new coupling constants: one can then introduce 7-form potentials dual to those coupling
constants. Since the introduction of these parameters would be purely ad hoc, we will
postpone the study of this duality to the next section in which we will be able to use in
the definition of the scalar potential the embedding tensor and the massive deformation
parameters, which have well-defined properties.
One can also generalize the theory by adding a scalar potential. This addition is
associated to the introduction of new deformation parameters. In gauged supergravity,
which is the main case of interest, these deformation parameters are the components of
the embedding tensor and the scalar potential arises in the gauging procedure, associated
to the fermion shifts in the fermion’s supersymmetry transformations. Thus, it is natural
to deal with the scalar potential in the next section too.
The results obtained in this and the previous Section are summarized in Appendix ??.
2.3 Non-Abelian and massive deformations: the tensor hi-
erarchy
The next step in the construction of the most general d = 8 field theory is the gauging
of the global symmetries of the theory. The most general possibilities can be explored
using the embedding tensor formalism21 and in this section we are going to set it up for
the Abelian theories we have just found.22 For the sake of convenience we are going to
reproduce some of the formulae obtained above.
The starting point is the assumption that the equations of motion of the theory are
invariant under a global symmetry group with infinitesimal generators {TA} satisfying the
algebra
[TA, TB] = fAB
CTC . (2.68)
The group acts linearly on all the forms of rank ≥ 1, including the 3-forms if the electric
and magnetic 3-forms Ca and Ca are combined into a single symplectic vector of 3-forms
(Ci) =
(
Ca
Ca
)
as explained above and codify electric-magnetic transformations involving the
scalars. The matrices that represent the generators are denoted by {TAIJ}, {TAmn}, {TAij}
and the adjoint generators are TA
B
C = fAC
B. The matrices TA
i
j are generators of the
symplectic group
TA
i
[jΩk]i = 0 , (Ωij) = (Ω
ij) ≡
(
0 1
−1 0
)
. (2.69)
21In this section we will follow Ref. [?], where the essential references on the embedding tensor formalism
can be found. We will also use the same notation.
22Observer that, in general, the theories that we are considering are just the bosonic sector of a theory
that also contains fermions and whose symmetry group may include symmetries that only act on them.
The total symmetry group would, then, be larger and the embedding tensor should take this fact into
account.
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We have
δαA
I = αATA
I
JA
J , δαBm = −αATAnmBn , δαCi = αATAijCj ,
δαA˜I = −αATAJIA˜J , δαB˜m = αATAmnB˜n ,
(2.70)
(the dual potentials transform in the dual covariant-contravariant representation).
The kinetic matrices MIJ ,Mmn,Wij(N ) also transform linearly: if δα ≡ αAδA
δAMIJ = −2TAK (IMJ)K , δAMmn = 2TA(mpMn)p , δAWij = −2TAk(iWj)k ,
(2.71)
but the period matrix undergoes fractional-linear transformations which, infinitesimally,
take the form
δANab = −TAab −NacTAcb + TAacNcb +NacTAcdNdb ,
(
TA
i
j
)
=
(
TA
a
b TA
ab
TAab TAa
b
)
.
(2.72)
The k-form field strengths will transform in the same representation as the corre-
sponding (k−1)-form potential, but only if the d-tensors dmIJ , diIm and dmnp are invariant
under the global symmetry group, i.e. if they must satisfy
δAdmIJ = −TAnmdnIJ − 2TAK (I|dn|J)K = 0 ,
δAd
i
I
m = TA
i
jd
j
I
m − TAJIdiJm + TAmndiIn = 0 ,
δAd
mnp = 3TA
[m|
q dq|np] = 0 .
(2.73)
The theories we have constructed are invariant under Abelian gauge transformations
with 0-, 1- and 2-form parameters σI , σm, σ
i:
δσA
I ∼ dσI , δσBm ∼ dσm , δσCi ∼ dσi . (2.74)
In order to gauge the global symmetries, we promote the global parameters αA to
local ones αA(x) and we identify them with some combinations of the gauge parameters
of the 1-forms σI via the embedding tensor ϑI
A as follows:
αA ≡ σIϑIA . (2.75)
Using this redefinition in the transformation of the kinetic matrices MIJ ,Mmn,Wij one
immediately finds their gauge transformations:
δσMIJ = −2σLXLK (IMJ)K , δσMmn = 2σITI (mpMn)p , δσWij = −2σIXIk(iWj)k ,
(2.76)
where we have defined the matrices
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XI
J
K ≡ ϑIATAJK , XImn ≡ ϑIATAmn . XI ij ≡ ϑIATAij . (2.77)
The gauge fields for these symmetries are given by
AA ≡ AIϑIA . (2.78)
With them we can construct gauge-covariant derivatives, which we will then use to derive
Bianchi identities.
Is is convenient to start by constructing the covariant derivatives of the kinetic
matricesMIJ ,Mmn,Wij(N ) which transform linearly. According to the general rule, the
covariant derivative of a field Φ transforming as δAΦ is given by
DΦ ≡ dΦ−AAδAΦ . (2.79)
Then, with the above definition of gauge fields
DMmn = dMmn − 2AIXI (mpMn)p , (2.80)
DMIJ = dMIJ + 2ALXLK (IMJ)K , (2.81)
DWij = dWij + 2AIXIk(iWj)k . (2.82)
These derivatives transform covariantly under gauge transformations δσ = σ
IϑI
AδA
provided that the embedding tensor is gauge-invariant
δσϑI
A = 0 , (2.83)
and provided that the 1-forms transform as
δσA
I = DσI + ∆σAI , where

∆σA
IϑI
A = 0 ,
DσI = dσI −AJXJ IKσK ,
(2.84)
The condition Eq. (??) leads to the so-called quadratic constraint
ϑJ
B
[
TB
K
IϑK
A − fBCAϑIC
]
= 0 . (2.85)
To determine ∆σA
I we have to construct the gauge-covariant 2-form field strengths
F I .
2.3.1 2-form field strengths
The simplest way to find the 2-form field strengths F I is through the Ricci identities. A
straightforward calculation using the quadratic constraint Eq. (??) leads to
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DDMmn = −F IϑIAδAMmn , (2.86)
and analogous equations for MIJ and Wij(N ), with
F I = dAI − 12XJ IKAJK + ∆F I , where ∆F IϑIA = 0 . (2.87)
Under gauge transformations,
δσF
I = σJXJ
I
KF
K , (2.88)
provided that
δσ∆F
I = −D∆σAI + 2X(J IK)
(
F JσK − 12AJδσAK
)
. (2.89)
Given the field content of the theory, the natural candidate to ∆F I and ∆σA
I are
∆F I = ZI mBm , ∆σA
I = −ZI mσm , (2.90)
where the new tensor ZI m is gauge-invariant and orthogonal to the embedding tensor:
δσZ
I m = 0 , (2.91)
ZI mϑI
A = 0 . (2.92)
Then, the consistency of Eq. (??) with the above choice requires
ϑ(J |ATAI |K) = ZI mdmJK , (2.93)
for some tensor dmJK = dmKJ which will turn out to coincide with the tensor we intro-
duced as an Abelian deformation in the previous sections. Since we have assumed ϑI
A
and dmJK to be gauge-invariant, Z
I m is automatically gauge-invariant and we have one
constraint less.
We conclude that23
F I = dAI − 12XJ IKAJK + ZI mBm , (2.94)
δσF
I = σJXJ
I
KF
K , (2.95)
δσA
I = DσI − ZI mσm , (2.96)
δσBm = Dσm + 2dmJK
(
F JσK − 12AJδσAK
)
+ ∆σBm , with Z
I m∆σBm = 0 . (2.97)
23On general grounds, we expect a term of the form −σIXInmBn in the gauge transformation rule of
Bm. This term is indeed present, but in a disguised form.
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In the ungauged limit ϑI
A = ZI m = 0 we get the Abelian gauge transformations
of the 2-form Eq. (??) if we identify the above 1-form σm (relabeled σgm) with σm −
dmIJA
IσJ ,
σgm = σm − dmIJAIσJ , (2.98)
confirming the identification of the d-tensor. Using that variable makes the non-Abelian
gauge transformations more complicated and, therefore, we will stick to the above σm.
2.3.2 3-form field strengths
Again, the shortest way to find ∆Bm and the gauge-covariant 3-form field strength Hm is
through the Bianchi identities. Taking the covariant derivative of the 2-form field strength,
and using the generalized Jacobi identity
X[I|KMX|JML] = 23Z
KmdmM [IXJ
M
L] , (2.99)
we get
DF I = ZI mHm , (2.100)
where
Hm = DBm−dmIJdAIAJ+ 13dmMIXJMKAIJK+∆Hm , with ZI m∆Hm = 0 . (2.101)
In the ungauged limit ϑI
A = ZI m = 0 we recover the Abelian 3-form field strength in
Eq. (??). On the other hand, by construction, the above field strength is gauge-covariant
up to terms annihilated by ZI m under Eqs. (??) and (??). To show this explicitly, we will
need further identities between the tensors of the theory that are more easily discovered
by computing first the 4-form field strengths.
2.3.3 4-form field strengths
From this moment, following Ref. [?], we will determine the general form of the field
strengths using the Bianchi identities and their consistency relations. This procedure yields
gauge-covariant field strengths and one can later find explicitly the gauge transformations
of the fields that produce that result.
Thus, we take the covariant derivative of both sides of Eq. (??), use the Ricci identity
Eq. (??) for the l.h.s. and the explicit form of Hm in Eq. (??) for the r.h.s., and we find
the Bianchi identity for Hm to be
DHm = −dmIJF IJ + ∆DHm , where ZI m∆DHm = 0 . (2.102)
∆DHm has to be gauge-invariant and scalar-independent and the only possibility is a
4-form combination of field strengths. F I ∧ F J has already been used and we must use
Gi, whose explicit form will be determined by consistency. We need to introduce a new
gauge-invariant tensor Zim orthogonal to Z
I m
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ZI mZjm = 0 , (2.103)
and, then, we arrive to the Bianchi identity
DHm = −dmIJF IJ + ZimGi . (2.104)
A direct calculation of DHm using the explicit expression of Hm in Eq. (??) with
∆Hm = ZimC
i can only give a consistent result if we introduce a tensor diI
m such that
XI
m
n + 2dnIJZ
J m = Zind
i
I
m . (2.105)
The tensor diI
m coincides with the one we introduced as an Abelian deformation. Also,
observe that this relation makes the condition of gauge invariance of Zin redundant.
We get
Gi = DCi + diIn
[
F IBn − 12ZI pBnBp − 13dnJKdAJAIK + 112dnMJXKMLAIJKL
]
+ ∆Gi ,
(2.106)
with
Zim∆G
i = 0 . (2.107)
These 4-form field strengths reduce exactly to the Abelian ones in Eq. (??).
Now we are ready to check explicitly using the identity/constraint Eq. (??) that Hm
in Eq. (??) with ∆Hm = ZimC
i is gauge covariant up to terms proportional to Zim, which
are automatically annihilated by ZI m. We find that
δσC
i = Dσi − diIn
[
σIHn + F
Iσn + δσA
IBn − 13dnJKδσAJAIK
]
+ ∆σC
i ,
with Zim∆σC
i = 0 ,
∆σBm = −Zimσi .
(2.108)
These gauge transformations reduce to the Abelian ones Eq. (??) upon use of the
property of the d-tensors Eq. (??) and the identifications Eq. (??) and
σig = σ
i + diI
n(Bnσ
I − 13dnJKAIJσK) . (2.109)
2.3.4 5-form field strengths
Taking, once again, the covariant derivatives of both sides of the Bianchi identity for Hm,
Eq. (??), and using the Bianchi identity for F I , Eq. (??) and the newly introduced tensor
diI
m, we find that
DGi = diImF IHm − ZimH˜m , (2.110)
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where Zim is a new gauge-invariant tensor orthogonal to Zim
ZimZin = 0 , (2.111)
and where the sign of that term has been chosen so as to get the same signs as in the
ungauged case. In principle these two tensors could be completely unrelated (except for
the constraints). However, since, in the physical theory, Gi is self-dual and H˜m is the
electric-magnetic dual of Hm, it is natural to expect that the same tensors appear in both
field strengths. Thus, we are going to assume that Zim has been obtained from Zjm by
raising the index with the symplectic metric tensor Ωij , that is
Zim ≡ ΩjiZjm . (2.112)
Then, there is no new constraint associated to its gauge invariance and, we just have
the constraint Eq. (??) analogous to a constraint satisfied by the embedding tensor in
4-dimensional field theories.
2.3.5 6-form field strengths
Taking the covariant derivative of both sides of the Bianchi identity for Gi, Eq. (??) and
using the Bianchi identities for the field strengths of lower rank, we find that we need to
introduce three new tensors diI
m, dmnp, dmIJK and demand that
diI
mZjm +XI
i
j = −ZimdjIm , (2.113)
diI
[m|ZI |n] = −Zipdpmn , (2.114)
di(I|mdm|JK) = −ZipdpIJK . (2.115)
Lowering the i indices in the first equation with ik and taking into account that XI[kj] = 0,
we conclude that it is natural to identify
diI
m = Ωijd
j
I
m , (2.116)
and rewrite the constraint as
XIij = −2Z(i|md|j)Im . (2.117)
Using these constraints and the same reasoning as in the previous cases we find the
next Bianchi identity and we can also solve it24
24Actually, it is easier to find H˜M from the previous Bianchi identity Eq. (??) taking the covariant
derivative of the 4-form field strengths Gi in Eq. (??) with ∆Gi = −ZimB˜m.
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DH˜m = −diImGiF I + dmnpHnp + dmIJKF IJK + ZI mF˜I , (2.118)
H˜m = DB˜m − diImF ICi + 2dmnpBn
(
Hp − ZipCi − 12DBp
)
+dmIJKdA
IdAJAK
+
(
1
12diJ
mdiK
ndnIL − 34dmIJMXKML
)
dAIAJKL
+
(
3
20d
m
NPMXI
N
J − 160diMmdiIndnPJ
)
XK
P
LA
IJKLM
+ZImA˜I , (2.119)
2.3.6 7-form field strengths
Provided that we impose the additional constraint25
di(I
mdiJ)
n + 2dmnpdpIJ + 3d
m
IJKZ
K n = +3dnIJKZ
Km , (2.120)
the covariant derivative of the Bianchi identity Eq. (??) leads to the Bianchi identity for
the 6-form field strengths
DF˜I = 2dmIJF JH˜m + diImGiHm − 3dmIJKF JKHm − ϑIAKA , (2.121)
F˜I = DA˜I + 2dmIJ B˜mF J + diImCi(Hm − 12ZjmCj)
−3dmIJKBm(F J − 12ZJnBn)(FK − 12ZKpBp)− 14dmIJKZJnZKpBmnp
+12diI
mdiJ
n(F J − 23ZJpBp)Bmn − diImBm2Gi + · · · (2.122)
where we are denoting by 2Gi the part of Gi that only contains 1-forms AI and their
derivatives dAI .
2.3.7 8-form field strengths
Taking the covariant derivative of Eq. (??) and using several of the constraints imposed
above, we find that
ϑI
ADKA = XIKJF J F˜K +XImnH˜nHm + 12XIijGij + 5dm(IJdmKLM)F JKLM . (2.123)
25This constraint reduces to Eq. (??) in the ungauged, massless limit.
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According to the general arguments in Ref. [?] the last term must vanish. It cannot
arise in the Bianchi identity of the dual Noether-Gaillard-Zumino current associated to
the global symmetries of the theory. Thus, we impose
dm(IJd
m
KLM) = 0 , (2.124)
and, from the definition of the X tensors, we get
DKA = TAKJF J F˜K + TAmnH˜nHm − 12TA ijGij + YA]L] , (2.125)
where YA
] is a tensor orthogonal to the embedding tensor
ϑI
AYA
] = 0 , (2.126)
and where the index ] runs over all the deformation tensors introduced so far, that we are
going to denote collectively by c]. As argued in Ref. [?], the natural candidates for the
YA
] tensors are the variations of the deformation tensors c] under the global symmetries
of the theory
YA
] = δAc
] , (2.127)
where A runs over the whole Lie algebra of the global symmetry group, because all the
deformation tensors are required to be gauge invariant
ϑI
AδAc
] = ϑI
AYA
] ≡ QI ] = 0 , (2.128)
where we have defined the constraints QA].
At this point there are two possibilities:
1. We can consider that all the independent tensors26 {ϑIA, ZIm, Zim,−dmIJ , diIm}
are deformations of the original theory introduced at the same time as the gauging
of the global symmetries of the original symmetry is carried out. In this case they
only have to be invariant under the global symmetries that have been gauged and
not the stronger condition
δAc
] = 0 , (2.129)
for any of them.
2. We can consider only the tensors {ϑIA, ZIm, Zim} are deformations of the origi-
nal theory, whose definition includes the tensors {−dmIJ , diIm}. In this case, the
latter must be invariant under the whole global symmetry group by hypothesis.
The corresponding YA
] tensors are assumed to vanish identically, before they are
contracted with the embedding tensor. This is the point of view that we have
adopted here and it implies that there are only three sets of 8-form field strengths
{L]} = {LAI , LIm, Lim} and only three corresponding sets of 7-form potentials
26The tensors dmnp, dmIJK are related to these and their gauge invariance is not an independent condi-
tion.
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{E]} = {EAI , EIm, Eim} which are dual to the deformation tensors {ϑIA, ZIm, Zim}.
In an action in which these tensors are generalized to spacetime-dependent fields,
these dual potentials appear as Lagrange multipliers enforcing their constancy [?,?].
We, thus, have to consider three constraints associated to gauge invariance
QIJA ≡ ϑIBYBJA , YBJA ≡ δBϑJA = −TBKJϑKA + TBACϑJC , (2.130)
QIJm ≡ ϑIBYBJm , YBJm ≡ δBZJm = TBJKZKm + TBmnZJn , (2.131)
QIim ≡ ϑIBYBim , YBim ≡ δBZim = −TBjiZjm − TBnmZin , (2.132)
and two constraints associated to global invariance
QAmIJ ≡ YAmIJ = −δAdmIJ = TAnmdnIJ + 2TKA (Id|m|J)K , (2.133)
QAiIm ≡ YAiIm = δAdiIm = TAijdjIm − TAJIdiJm + TAmndiIn , (2.134)
and the final form of the Bianchi identity for the 7-form field strengths is
DKA = TAKJF J F˜K+TAmnH˜nHm− 12TA ijGij+YAIBLBI+YAImLIm+YAimLim . (2.135)
The occurrence of these YA
] has to be confirmed by taking again the covariant
derivative of this Bianchi identity.
2.3.8 9-form field strengths
Taking the covariant derivative of both sides of the Bianchi identity Eq. (??) we arrive
to27
YAI
B
[DLBI + F IKB]+ YAIm [DLIm + F˜IHm]+ YAim [DLim +GiH˜m]
+QAmIJH˜mF IJ +QAiImGiF IHm = 0 .
(2.136)
Since we have assumed28 QAmIJ = QAiIm = 0, we arrive to the Bianchi identities
27By direct computation we have not found any constraint or YA
] tensor associated to either dmIJK or
dmnp.
28Observe that, the alternative assumption is equally valid and can be made to work by including the
8-form field strengths LmIJ , Li
I
m.
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DLBI = −F IKB −WBIβMβ , (2.137)
DLIm = −F˜IHm −WImβMβ , (2.138)
DLim = −GiH˜m −W imβMβ , (2.139)
where the W]
β tensors are invariant tensors annihilated by the YA
] ones
YA
]W]
β = 0 . (2.140)
As shown in Ref. [?] these tensors are nothing but the derivatives of all the con-
straints satisfied by the deformation tensors (labeled by β) with respect to the deformation
tensors themselves. This means that there are as many 9-form field strengths Mβ and cor-
responding 8-form potentials Nβ as constraints Qβ = 0. In a general action the top-form
potentials Nβ would occur as the Lagrange multipliers enforcing the constraints Qβ = 0.
As usual, this can be confirmed by acting yet again with the covariant derivative on
the above three Bianchi identities. Let us first list all the constraints we have met:
1. First of all we have the gauge-invariance constraints
QIJA , QIJm , QIim , (2.141)
defined in Eqs. (??)-(??).
2. Secondly, we have the global-invariance constraints
QAmIJ , QAiIm , (2.142)
defined in Eqs. (??) and ((??)).
3. Thirdly we have the orthogonality constraints between the three deformation tensors
QmA ≡ −ZImϑIA , (2.143)
QiI ≡ ZimZIm , (2.144)
Qmn ≡ ZimZin . (2.145)
4. Next, we have the constraints relating the gauge transformations to the d-tensors
QIJK ≡ X(IJK) − ZJmdmIK , (2.146)
QImn ≡ XImn + 2dnIJZJm + ZindiIm , (2.147)
QIij ≡ −XIij − 2Z(i|md|j)Im , (2.148)
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5. Finally, we have the constraints that related the d-tensors amongst them via the
massive deformations Z
Qimn ≡ diI [m|ZI|n] + Zipdpmn , (2.149)
QIJmn ≡ 12di(I|mdi|J)n + dmnpdpIJ + 3d[m|IJKZK|n] , (2.150)
QiIJK ≡ ZimdmIJK − di(I|mdm|JK) . (2.151)
From Eq. (??) we get
∂QIJA
∂ϑKB
[DM IJA + F ILAJ]+ ∂QmA
∂ϑKB
[DMmA +HmKA]
+
∂QIJK
∂ϑKB
[
DM IJK + F IK F˜J
]
+
∂QImn
∂ϑKB
[
DM Imn + F IH˜mHn
]
+
∂QIij
∂ϑKB
[DM Iij + F IGij] = 0 . (2.152)
From Eqs. (??) and (??) we get very similar equations which guarantee the consis-
tency of the whole construction of the tensor hierarchy that we have carried out in this
section.
2.4 Gauge-invariant action for the 1-, 2- and 3-forms
The Bianchi identities of the full tensor hierarchy give rise to the equations of motion of
the electric fields of the theory upon use of the duality relations (on-duality-shell). For
field strengths of the 6-,5-, 4-forms they are given by
KA = − ? j(σ)A , F˜I =MIJ ? F J , H˜m = ?MmnHn . (2.153)
For the field strengths of the magnetic 3-forms they are given by
Ga = Ra , (2.154)
where Ra has been defined in Eq. (??). Finally, the field strength of the 7-forms is,
according to Refs. [?, ?], dual to the derivatives of the gauge-invariant scalar potential
with respect to the deformation parameters, denoted collectively by c]
L] = ?
∂V
∂c]
. (2.155)
This identity follows from the scalar equation of motion in presence of a scalar
potential together with the condition
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kA
x ∂V
∂φx
= YA
]∂V
∂c]
, (2.156)
which implies, after multiplication by the embedding tensor ϑI
A, the gauge-invariance of
the scalar potential.
In general, the equations of motion are combinations of different Bianchi identities
on-duality-shell. In order to determine the combinations that correspond to the equations
of motion we have to examine which combinations of Bianchi identities satisfy the Noether
identities associated to the gauge invariances of the theory.
To start with, we need to introduce some notation for the Bianchi identities. This
has been done in Appendix ??. These Bianchi identities are related by a hierarchy of
identities that are obtained by taking the covariant derivative of those with lower rank, as
we have shown. These identities of Bianchi identities are collected in Appendix ??.
Now, let us assume that a standard gauge-invariant action for the 0-forms M (or
φx), 1-forms AI , 2-forms Bm and electric 3-forms C
a exists. This means that the Bianchi
identities B(Qβ),B(c]) and B(DM),B(F I),B(Hm),B(Ga) are satisfied, at least up to du-
ality relations. The kinetic terms of the electric fields are written in terms of the gauge-
invariant field strengths and this implies that the magnetic fields Ca, B˜
m must necessarily
occur in the action, albeit not as dynamical fields: their equations of motion will be trivial
on-duality-shell.
Under these assumptions, the identities satisfied by the non-trivial Bianchi identities
(i.e. those involving the magnetic field strengths) take the simplified form29
DB(Hm)− ZamGa = 0 , (2.157)
DB(Ga)− ZamB(H˜m) = 0 , (2.158)
DB(H˜m) + daImB(Ga)F I + ZImB(F˜I) = 0 , (2.159)
DB(F˜I) + 2dmIJB(H˜m)F J − daImB(Ga)Hm + ϑIAB(KA) = 0 . (2.160)
If such an action exists, its invariance with respect to gauge transformations with
parameters σm, σi, σm, σ
I will imply that the equations of motion satisfy, off-shell, associ-
ated Noether identities. Up to the field equations of B˜m and Ca which are assumed to be
satisfied up to dualities, they take the form
29We have also ignored the identities whose rank, as differential forms, is higher than eight.
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D δS
δB˜m
− Zam δS
δCa
= 0 ,(2.161)
D δS
δCa
− Zam δS
δBm
= 0 ,(2.162)
D δS
δBm
+ ZIm
[
δS
δAI
− dnIJAJ δS
δBn
− (daInBn − 13daJndnIKAJK) δSδCa
]
+daI
mF I
δS
δCa
= 0 ,(2.163)
D
[
δS
δAI
− dnIJAJ δS
δBn
− (daInBn − 13daJndnIKAJK) δSδCa
]
+2dmIJF
J δS
δBm
+ daI
mHm
δS
δCa
+ ϑI
AkA
x δS
δφx
= 0 .(2.164)
Comparing directly with the above identities satisfied by the Bianchi identities, we
conclude that, up to dualities, the equations of motion of the electric fields are related to
the Bianchi identities of the magnetic field strengths by
kA
x δS
δφx
= B(KA) , (2.165)
δS
δAI
= B(F˜I) +
(
daI
mBm − 13daJmdmIKAJK
)B(Ga) + dmIJAJB(H˜m) ,(2.166)
δS
δBm
= B(H˜m) , (2.167)
δS
δCa
= B(Ga) . (2.168)
This identification determines completely the field theory. For instance, the equation
of motion for the electric 3-forms Ca must be
δS
δCa
= D
(
=mNab ? Gb + <eNabGb
)
+ daI
mF IHm − ZamMmn ? Hn , (2.169)
etc.
Can we write an action gauge-invariant action for the electric fields φx, AI , Bm and
Ca from which these equations of motion follow, up to duality relations? We can follow the
step-by-step procedure used in Ref. [?] for the 5- and 6-dimensional cases. This procedure
consists in considering first an action S(0) containing only the gauge-invariant kinetic
terms for the all the electric potentials φx, AI , Bm, C
a and start adding the necessary
Chern-Simons terms S(1), S(2), . . . to obtain the equations of motion of all the potentials
occurring in S(0) in order of decreasing rank: B˜m, Ca, Ca, Bm, A
I . At the first step it will
be necessary to introduce terms S(1) containing B˜m but no new terms containing this
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potential will be introduced in the following steps. At the second step we will introduce
terms S(2) containing Ca (but no B˜m) and in the following steps we will not introduce
any more terms containing it and so on and so forth.
We will not carry this procedure to the end because in eight dimensions the number
of Chern-Simons terms involving just 2- and 1-form potentials is huge and its structure is
very complicated. Nevertheless we are going to check that everything works as expected
for the potentials of highest rank B˜m, Ca, Ca and we are going to find that only under
certain conditions the action we are looking for exists
Our starting point is, therefore, the action
S(0) =
∫ {− ? 1R+ 12GxyDφx ∧ ?Dφy + 12MIJF I ∧ ?F J + 12MmnHm ∧ ?Hn
+12G
a ∧Ra − ?1V (φ)
}
,
(2.170)
where we have added a scalar potential V (φ). This action gives
δS(0)
δB˜m
= −ZamRa . (2.171)
This equations should be trivial on-duality-shell and, therefore, we must add to the action
S(0)
S(1) =
∫
Zam(Ga +
1
2ZanB˜
n)B˜m , (2.172)
so that
δ(S(0) + S(1))
δB˜m
= −Zam(Ra −Ga) . (2.173)
The equation for Ca that follows from S(0) + S(1) is
δ(S(0) + S(1))
δCa
= −DRa − ZamMmn ? Hn , (2.174)
and, comparing with Eq. (??), we see that the term +daI
mF IHm is missing and we must
add a term of the form
S(2) =
∫
daI
mF I
(
Hm − 12ZbmCb
)
Ca , (2.175)
Observe that B˜m does not appear in this term and its equation of motion is, there-
fore, not modified by it. However in this term or in any other similar term the only
part of daI
mZbm that can occur is the antisymmetric one d[a|ImZ|b]m while in the term
+daI
mF IHm both the antisymmetric and the symmetric parts occur. The only way in
which we can get that term in the equations of motion is by requiring
d(a|ImZ|b)m = −12XI ab = 0 . (2.176)
63
Chapter 2. The tensor hierarchy of 8-dimensional field theories
Under this assumption, which will also prove crucial to obtain the equations of motion of
other fields, the equation of motion of Ca is Eq. (??), as we wanted.
The equation of the magnetic potential Ca, which should be trivial on-duality-shell
which follows from the action we have constructed is
δ(S(0) + S(1) + S(2))
δCa
= Zam
[
Mmn ? Hn −DB˜m + dbImF ICb
]
. (2.177)
The last two terms belong to the field strength H˜m and we need to add
S(3) =
∫ {
−12dbImZamF ICbCa −
[
2dmnpBn(Hp − 2ZipCi − 12DBp) +2H˜m
]
ZamCa
}
,
(2.178)
where 2H˜m is the part of the field strength H˜m that only contains 1-form potentials
and their exterior derivatives. Observe that neither B˜m nor Ca appear in this term and,
therefore, their equations of motion are not modified. Observe also that we are facing
here the same problem we faced in getting the equation of motion of Ca: only d[b|ImZ |a]m
can enter the action while the equation of motion contains also the symmetric part. The
solution to this problem is the same: we demand
d(a|ImZ |b)m = −12XIab = 0 . (2.179)
Using Eqs.(??) and (??) The equation of motion of Bm that follows from the action
S(0) + · · ·+ S(3) can be put in the form
δ(S(0) + · · ·+ S(3))
δBm
= − [D(Mmn ? Hn) + daImF IGa − daImF IRa
−dmnpHnp − ZImMIJ ? F J
]− dmnpBnZap(Ra −Ga)
−dmnpZapdaIqBnBq(F I − 12ZIrBr)
+daI
mdaJ
nF I(F I − 12ZIpBp)Bn
+daI
mF I2Ga + daI [m|ZI|n]Bn2Ga
−dmnp(Hn − ZinCi)(Hp − ZjpCj) .
(2.180)
The expression in brackets in the r.h.s. is identical to B(H˜m) up to dualities and
up to the term dmIJKF
IJK . The next term vanishes on-duality-shell and the remaining
terms should be eliminated. Observe that in the terms that need to be eliminated and
introduced neither B˜m nor Ci occur (they only depend on Bm, A
I and their derivatives)
and, therefore, their equations of motion will not be modified.
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2.5 Conclusions
Following the same procedure as in Refs. [?,?], in this paper we have constructed the most
general 8-dimensional theory with gauge symnmetries and with at most two derivatives:
field strengths (up to 6-forms), all the Bianchi identities and duality relations satisfied by
all the field strengths (up to the 9-forms30), and the equations of motion of the fundamental
fields. We have shown that they are characterized by a small number of invariant tensors
(d-tensor, embedding tensor ϑ and massive deformations Z) that satisfy certain constraints
that relate them among themselves and to the structure constants and generators of the
global symmetry group, which has to act on the n3 3-form potentials of the theory as a
subgroup of Sp(2n3,R).
We have found that the Bianchi identities satisfied by the 7-form field strengths (dual
to the generalized Noether-Gaillard-Zumino current) have the general form predicted in
Ref. [?], although in this case it is very difficult to find the explicit form of the 7-form field
strengths.
We have constructed an action from which one can derive all the equations of motion
except for those of the 1-form potentials because identifying the terms that only contain
1-forms becomes extremely complicated and time-consuming.
This general result can be applied to any 8-dimensional theory with a given field
content, d-tensors defining Chern-Simons interactions and global symmetry group, such as
maximal d = 8 supergravity. In a forthcoming publication we will solve the constraints sat-
isfied by the deformation tensors (d-tensor, embedding tensor ϑ and massive deformations
Z) searching for a 1-parameter family of different SO(3) gaugings of that theory.
30These identities are, of course, just formal, but they encode the gauge transformations of the 8-form
potentials.
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On gauged maximal d = 8 supergravities
This chapter is based on
Oscar Lasso Andino, Toma´s Ort´ın ,
“On gauged maximal d=8 supergravities,”
Class. Quant. Grav. 35 (2018) no.7, 075011. arXiv:1605.09629[hep-th]. [?].
Gauged/massive supergravities have received a great deal of attention over the last
few years because they almost always include a scalar potential that could fix the moduli
or provide an interesting inflationary model. While gauging a given supergravity theory
obtained, for instance, as the low-energy limit of some string theory model, is just a tech-
nical problem which we now know how to handle in general, the string-theory description
of that gauged theory, its 11-dimensional origin and the meaning of the new constants
that appear in it (coupling constants, mass parameters etc.), are not always known.
The gauging of maximal 8-dimensional supergravity offers a particularly interesting
example. Salam and Sezgin obtained this theory with an SO(3) ⊂ SL(3,R) gauging in
Ref. [?] by performing a Scherk-Schwarz reduction [?] of 11-dimensional supergravity [?].1
The gauge fields of this theory are the three Kaluza-Klein vectors. However, the theory
has another SL(3,R) triplet of vectors that can be used as gauge fields: the vectors that
come from the 11-dimensional 3-form. This alternative SO(3) gauging can be carried out
directly in 8 dimensions by the standard methods, but it is not known how to obtain this
theory from the conventional 11-dimensional supergravity.
Actually, it is believed that it should be possible to obtain this second SO(3)-gauged
theory by an SL(2) rotation of the Salam-Sezgin one. These transformations of gauged
theories are no longer symmetries of their equations of motion. Rather, they are (very
complicated) field redefinitions. Thus, at a classical level, and from the 8-dimensional
point of view, these two theories should be equivalent.
From the 11-dimensional point of view, the situation is less clear: on the one hand,in
principle one may use the 8-dimensional relation between the fields in the two theories
to construct a very unnatural and non-local2 alternative compactification Ansatz which
would give the second SO(3) gauged theory instead of the Salam-Sezgin one. On the other
hand, it is hard to say whether these two theories are equivalent from the 11-dimensional
point of view.
1Other 3-dimensional groups can be obtained by the same procedure, as shown in Refs. [?,?]. We also
remind the reader of the U-duality group of this theory: it is SL(2,R)× SL(3,R)
2The SL(2) transformation that should relate these two SO(3) gauged theories involves electric-magnetic
rotations of the 3-form potential.
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It is somewhat surprising that the second SO(3)-gauged maximal supergravity can
be obtained with exactly the same compactification Ansatz as the Salam-Sezgin one from
the so-called massive 11-dimensional supergravity [?]. This theory is a deformation of
11-dimensional supergravity proposed in Ref. [?] as a candidate to 11-dimensional origin
of Romans’ massive N = 2A, d = 10 supergravity [?].3 This theory does not have 11-
dimensional covariance, as it depends explicitly on the (commuting) Killing vectors but,
somewhat mysteriously, it turns out that it can account for the 11-dimensional origin
of several gauged supergravity theories (apart from Romans’ and the 8-dimensional one
under discussion) which are not obtained, wit the conventional compactification Ansatz,
by standard methods [?].
Our goal in this paper twofold: first, we want to show that the gauged theory ob-
tained from the compactification of massive 11-dimensional supergravity (which will be
referred to henceforth as AAMO) is indeed one of the SO(3)-gauged maximal supergravi-
ties that can be obtained using the embedding tensor method. Second, we want to show
that, from the 8-dimensional point of view, it is related to the Salam-Sezgin one (from
this moment, SS) by an SL(2,R) transformation. We will achieve both goals by construct-
ing a 1-parameter family of SL(2)-related SO(3)-gauged supergravities that interpolates
between the SS and AAMO theories.4
The best way to construct these gauged theories is through the use of the embedding
tensor formalism [?,?,?,?,?].5 This formalism has been used in several maximal and half-
maximal supergravities Refs. [?,?,?,?,?,?,?]. In the 8-dimensional case it has been used
in Ref. [?] to study the possible subgroups of the U-duality group that can be gauged,
regardless of the vectors used as gauge fields, by solving the constraints satisfied by the
embedding tensor. The existence of continuous families of gauged supergravities escapes
this kind of analysis, though, and we are actually interested in the explicit construction
of the theory. In a more recent paper [?] we have used the embedding-tensor formalism
to construct the most general 8-dimensional gauge theory (including its tensor hierarchy),
for any field content and duality group. This result can immediately be particularized to
the field content, d-tensors and duality group of the maximal 8-dimensional supergravity
and we just have to find a 1-parameter SO(3) solution of the constraints satisfied by the
embedding tensor an other deformation parameters to have the complete tensor hierarchy
of the theory we are after. To end the construction of the bosonic theory it only remains
to find the scalar potential and the equations of motion. We will explain how to do that in
this case. We will also explain how to construct the supersymmetry transformation rules.
This paper is organized as follows: in Section ?? we review the matter content and
symmetries of the ungauged theory. We will introduce a new basis of fields with simpler
transformation properties, as required by the embedding tensor formalism. In Section ??
we will discuss the gauging, using that formalism, of the theory, applying the general
results of Ref. [?]. We will show that there is a 1-parameter family of embedding and other
deformation tensors associated to SO(3) gaugings we are after. In Section ?? we proceed
to the explicit construction of the theory. Our conclusions are described in Section ?? and,
in the appendices, the explicit forms of the field strengths, Bianchi identities, identities of
Bianchi identities and duality relations, are collected.
3The supersymmetry transformations of this theory were studied in Ref. [?].
4The existence of these duality-related family of gaugings has been noticed in Refs. [?,?].
5For recent reviews see Refs. [?,?,?,?].
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3.1 Ungauged N = 2, d = 8 Supergravity
In this section we are just going to describe the aspects of the ungauged theory that we
need to know in order to construct the family of gauged supergravities we are after.
N = 2, d = 8 supergravity can be obtained by direct dimensional reduction of 11-
dimensional supergravity on T 3 [?]. The scalars of the theory parametrize the coset spaces
SL(2,R)/SO(2) and SL(3,R)/SO(3). The U-duality group of the theory is SL(2,R) ×
SL(3,R) and its fields are either invariant or transform in the fundamental representations
of both groups. We use the indices i, j, k = 1, 2 for SL(2,R) doublets and m,n, p = 1, 2, 3
for SL(3,R) triplets.
The bosonic fields are
gµν , C,Bm, A
im, a, ϕ,Mmn, (3.1)
where C is a 3-form, Bm a triplet of 2-forms, A
im, a doublet of triplets of 1-forms (six in
total), a and ϕ are the axion and dilaton fields which can be combined into the axidilaton
field
τ ≡ a+ ie−ϕ , (3.2)
or into the SL(2,R)/SO(2) symmetric matrix
(Wij) ≡ eϕ
( |τ |2 a
a 1
)
, with inverse
(W ij) ≡ eϕ( 1 −a−a |τ |2
)
, (3.3)
and, finally,Mmn is an SL(3,R)/SO(3) symmetric matrix whose explicit parametrization
in terms of five independent scalars will not concern us for the moment. The inverses of
these matrices will be written with upper indices.
The bosonic action obtained in Ref. [?] by simple dimensional reduction is6
S =
∫
d8x
√|g| {R+ 14Tr (∂MM−1)2 + 14Tr (∂WW−1)2
−14F imMmnWijF j n + 12·3!HmMmnHn − 12·4!e−ϕG2 ,
− 1
63·24
1√
|g| 
[
GGa− 8GHmA2m + 12G(F 2m + aF 1m)Bm
−8mnpHmHnBp − 8G∂aC − 16Hm(F 2m + aF 1m)C
]}
,
(3.4)
where the field strengths are given by7
6 The relation between the 8- and 11-dimensional fields can be found there. As mentioned in Ref. [?],
one of the coefficients in the Chern-Simons part of the action (which has been checked explicitly to be
gauge-invariant) differs from the corresponding one in Ref. [?].
7In this notation, used in Ref. [?], all the lower indices, which are not shown, are antisymmetrized with
weight one. The difference with differential-form notation is the normalization of the components of the
differential forms: ω(p) = 1
p!
ω
(p)
µ1···µpdx
µ1 ∧ · · · dxµp , so, for instance, dω(p) = (p+ 1)∂ω(p).
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F im = 2∂Aim .
Hm = 3∂Bm + 3mnpF
1nA2 p ,
G = 4∂C + 6F 1mBm ,
(3.5)
3.1.1 Rewriting the theory
In order to study the gaugings of this theory using the embedding-tensor formalism it
is convenient to use differential-form language and, furthermore, use a different basis of
forms with better transformation properties under the duality groups (in particular, under
SL(2,R)): for instance, if the 3-form field strengths Hm are invariant under SL(2,R)
transformations, it is obvious that the 2-forms Bm can only be invariant under those
SL(2,R) transformations up to 1-form gauge transformations because the Chern-Simons
term 3mnpF
1nA2p has that same behaviour. This implies, in its turn, that the 3-form C
only transforms as the first component of an SL(2,R) doublet (something we expect to
happen on general grounds) up to gauge transformations. The conclusion is that we are
going to need to redefine the 2- and 3-form potentials Bm and C, which we also denote as
C1 when needed.
In differential-form language, the above field strengths take the form
F im = dAim .
Hm = dBm + mnpF
1n ∧A2p ,
G = dC + F 1m ∧Bm .
(3.6)
The redefinition of the potentials that gives the the required properties of transformation
under the U-duality group is
Bm −→ Bm − 12mnpA1n ∧A2p ,
C −→ C1 + 12mnpA1m ∧A1n ∧A2p .
(3.7)
In terms of these new potentials, the field strengths take the form8
F im = dAim , (3.8)
Hm = dBm +
1
2ijmnpF
inAjp , (3.9)
G1 = dC1 + F 1mBm +
1
6ijmnpA
1mF inAjp . (3.10)
The gauge transformations that leave these field strengths invariant are
8Here and, very often in what follows, we suppress the wedge product symbols ∧ in order to simplify
the expressions. We will introduce further simplifications in the notation along the way.
70
Chapter 3. On gauged maximal d = 8 supergravities
δσA
im = dσim .
δσBm = dσm − ijmnp
(
F inσjp − 12AinδσAjp
)
,
δσC
1 = dσ1 − [σ1mHm + F 1mσm + δσA1mBm + 16jkmnpδσAjnA1mAkp] ,
(3.11)
and the gauge-invariant bosonic action can be written in the form
S =
∫ {− ? R+ 14Tr (dMM−1 ∧ ?dMM−1)+ 14Tr (dWW−1 ∧ ?dWW−1)
+12WijMmnF im ∧ ?F jn + 12MmnHm ∧ ?Hn + 12e−ϕG1 ∧ ?G1 − 12aG1G1
+13G
1
[
HmA
2m −BmF 2m + 12mnpF 2mA1nA2p
]
+13HmF
2m
[
C1 + 16mnpA
1mA1nA2p
]
+ 13!
mnpHmHn
(
Bp − 12pqrA1qA2r
)}
.
(3.12)
It is not difficult to check that the (formal9) exterior derivative of the Chern-Simons
part of this action (the last three lines) is just a combination of gauge-invariant field
strengths:
d(Chern− Simons) = −HmF 2mG1 − 13!mnpHmHnHp , (3.13)
which ensures its gauge-invariance up to total derivatives under the transformations Eqs. (??).
Global SL(2,R) covariance requires the introduction of another 3-form C2 so we can
define a doublet of 4-form field strengths
Gi ≡ dCi + F imBm + 16jkmnpAimF jnAkp , (3.14)
invariant under the gauge transformations δσA
im and δσBm in Eq. (??) and
δσC
i = dσi −
[
σimHm + F
imσm + δσA
imBm +
1
6jkmnpδσA
jnAimAkp
]
. (3.15)
This (magnetic, dual) field is related by electric-magnetic duality to the original
(electric, fundamental) C so there are no new degrees of freedom on duality shell10
G2 = e−ϕ ? G+ aG ≡ G˜ , (3.16)
and the relation is such that, using it, the equation of motion of C that follows from the
action Eq. (??)
9It is the total derivative of an 8-form in 8 dimensions.
10Observe that G˜ is a combination of the field strength of the electric 3-form G, its Hodge dual ?G and
the scalars, while G2 is the field strength of the magnetic 3-form C2.
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− δS
δC
= dG˜− F 1mHm , (3.17)
becomes the Bianchi identity for the field strength G2.
Then, denoting with a ∆ the part of a (p + 1)-field strength that does not contain
the derivative of the p-form potential, using the above definitions we can rewrite the action
Eq. (??) in a more compact form that we will use later:
S =
∫ {− ? R+ 14Tr (dMM−1 ∧ ?dMM−1)+ 14Tr (dWW−1 ∧ ?dWW−1)
+12WijMmnF im ∧ ?F jn + 12MmnHm ∧ ?Hn + 12GG˜− dC1∆G2 − 12∆G1∆G2
− 112mnpBmdBndBp + 14mnpBmHnHp − 124ijAimAjn∆HmdBn
}
.
(3.18)
Potentials dual to the 2-forms (the 4-forms B˜m), to the 1-forms Aim (the 5-forms
A˜im) and to the scalars (the 6-forms DA, where the index A runs over the adjoint represen-
tation of the duality group SL(2,R)× SL(3,R)), and their gauge-invariant field strengths
(H˜m, F˜im,KA) can also be defined by dualizing the equations of motion of the correspond-
ing electric fields. We will not need them now, but they can be found in Ref. [?]. They
can also be recovered by setting to zero the deformation parameters in the field strengths
of the gauged theory that we are going to construct in the next section and which are
listed in Appendix ??.
3.2 SO(3) gaugings of N = 2, d = 8 supergravity
The gaugings and massive deformations of general 8-dimensional field theories have been
studied in depth using the embedding-tensor formalism in Ref. [?] using the notation of
Ref. [?] and the general procedure used in Refs. [?,?] for the 4-,5- and 6-dimensional cases:
finding identities for Bianchi identities, solving those identities for the Bianchi identities
and then solving the Bianchi identities for the field strengths. In particular, the tensor
hierarchy has been constructed and the form of most of the field strengths has been fully
determined. The action was only determined up to terms containing 2-forms due to the
very large number of complicated terms occurring in it.
In this section we are going to specialize the results of Ref. [?] to the particular case
of N = 2, d = 8 supergravity and, then, we are going to select the family of gaugings we
are interested in11. Since the case we are going to study is far simpler than the general
case, we are going to determine almost the bosonic action.
In order to particularize the results of Ref. [?] to N = 2, d = 8 supergravity we have
to particularize the generic field content, the d-tensors occurring in the Chern-Simons
terms and the global symmetry group considered there.
Let us start by reviewing the U-duality group of the theory. The U-duality group
11A partial analysis of the possible gaugings (that is: the possible solutions to the constraints satisfied
by the embedding tensor) was performed in Ref. [?].
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of this theory is, exactly, SL(2,R)×SL(3,R)12 and we remind the reader of the group
isomorphism SL(2,R) ∼ Sp(2,R). The adjoint indices of the U-duality group are denoted
collectively by A,B, . . .. The adjoint indices of SL(2,R) are α, β, . . . = 1, 2, 3. The adjoint
indices of SL(3,R) are m,n, . . . = 1, 2, 3 for the SO(3) subgroup that we want to gauge
and a, b, . . . = 1, · · · , 5 for the rest of the generators.
The only structure constants that we need to know explicitly are those of the SO(3)
subgroup:13
[Tm, Tn] = fmn
pTp = −mnpTp , (3.19)
so the SO(3) generators in the fundamental/adjoint representation are the matrices
Tm
n
p = m
n
p = −mpn . (3.20)
We also need to know that the coset space SL(3,R)/SO(3) is a symmetric space and
the structure constants with mixed indices fma
b provide a representation of SO(3) acting
on the SL(3,R)/SO(3) indices a, b, · · · :
Tm
a
b = fmb
a . (3.21)
As for the generators of SL(2,R) ∼Sp(2,R) in the fundamental representation Tαij
we just need to know the property
Tα
k
[ji]k ≡ Tα [ij] = 0 , (3.22)
Let us consider now the field content. In Ref. [?] the scalars were collectively denoted
by φx. We are going to keep using that notation for the time being. The vector fields
carried indices I, J, . . . and they must be replaced by composite indices im, jn etc. where
i, j, . . . = 1, 2 and m,n, . . . = 1, 2, 3 are indices in the fundamental representations of
SL(2,R) and SL(3,R), respectively. The notation for the 2-forms is the same. In Ref. [?]
the electric 3-forms carry an index a which is the upper component of a symplectic index
denoted by i, j, . . .. In the case at hands, a takes only one value: 1 (C1) which will be
sometimes omitted (C). The lower index 1 is equivalent to an upper index 2: C1 =
12C
2 = C2 and, therefore (Ci) =
(
C1
C1
)
=
(
C1
C2
)
. On the other hand, Ci ≡ ijCj .
Finally, in order to find the values of the d-tensors for this theory it is enough
to compare the field strengths of this theory with those of the generic ungauged theory
constructed in Ref. [?]. Comparing Eqs. (??),(??) and (??) with
F I = dAI . (3.23)
Hm = dBm − dmIJF IAJ , (3.24)
Gi = dCi + diI
mF IBm − 13diImdmJKAIF JAK . (3.25)
12There is only one additional rescaling symmetry, but it acts on the spacetime metric and, therefore,
we will not consider it here.
13SO(3) indices are raised and lowered with the unit metric and, therefore, there is no distinction between
upper and lower SO(3) indices. We choose their position for the sake of convenience and esthetics.
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we conclude that the d-tensors can be constructed entirely in terms of the U-duality
invariant tensors δij , ij , δ
m
n, mnp:
dmIJ → dmin jp = −12mnpij ,
diI
m → dijnm = δijδmn .
(3.26)
The tensor dmnp is related to these by
di(I|mdi|J)n = −2dmnpdpIJ , ⇒ dmnp = +12mnp . (3.27)
We can immediately use the results of Ref. [?] to determine the form of the 5-form
field strengths H˜m (dual to the Hm) and the 6-forms F˜im (dual to the 2-forms F
im)14. We
can also derive the the Bianchi identities satisfied by all of them and also by the 7-form
field strengths KA dual to the Noether current 1-forms of the scalar σ-model j
(σ)
A where
A = m, a, α runs in the adjoint of the U-duality group. The later are given by
j
(σ)
A ≡ GxykAxdφy , (3.28)
where Gxy(φ) is the σ-model metric and kAx(φ) is the Killing vector of that metric asso-
ciated to the generator of the U-duality group TA
[TA, TB] = fAB
CTC , [kA, kB] = −fABCkC . (3.29)
We are, however, interested in the gauged theory. The most general gaugings can
be found using the embedding-tensor formalism. In this theory, the embedding tensor has
the form ϑim
A. We know there are at least two possible SO(3) ⊂ SL(3,R) gaugings of this
theory:
1. Salam and Sezgin’s [?], in which the 3 vector fields A1m coming from the metric
of 11-dimensional supergravity (that is, the 3 Kaluza-Klein (KK) vector fields) are
used as gauge fields.
2. The AAMO [?] gauging in which the 3 gauge fields are the A2m coming from the
3-form of 11-dimensional supergravity.
These two sets of gauge fields are related by the discreet electric-magnetic SL(2,R)
duality transformation τ → −1/τ before gauging. Correspondingly, the SS gauging cor-
responds to choosing an embedding tensor whose only non-vanishing components are
ϑim
n = gδi
1δm
n where g is the coupling constant, and the AAMO gauging corresponds to
the choice ϑim
n = gδi
2δm
n.
From the 8-dimensional supergravity point of view, one could use any other SL(2,R)
transformed of the A1m triplet as gauge fields. This suggests that a continuous family of
equivalent SO(3) gaugings should exist. The corresponding embedding tensor has the form
ϑim
n = viδm
n , (3.30)
14The explicit expressions of the field strengths for a generic 8-dimensional theory is only given up to
the 6-forms in Ref. [?].
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where vi is a 2-component vector transforming in the fundamental of the electric-magnetic
SL(2,R) duality group and can describe a one-parameter family of equivalent SO(3) gaug-
ings of the theory15. The SO(3) gauge fields are combinations of the two triplets of vector
fields
ϑin
mAin = viA
im , (3.31)
and include, as limiting cases, the Salam-Sezgin and the AAMO theories.
Our candidate to embedding tensor Eq. (??) must solve the quadratic constraint,
which implies its own gauge invariance
ϑim
BYB jn
A = 0 , (3.32)
where the Y tensor is
YB jn
A ≡ δBϑjnA = −TBkjϑknA − TBpnϑjpA + TBACϑjnC
= −TBkjϑknA − TBpnϑjpA + fBCAϑjnC .
(3.33)
For the above embedding tensor Eq. (??), the only non-vanishing components of the
YA im
B tensor are
Ya im
n = −viTanm , Ya imb = −vifmab ,
Yα im
n = −Tαjivjδmn ,
(3.34)
and, therefore, the quadratic constraint is automatically satisfied and the embedding tensor
is, in principle, admissible.
There are other parameters associated to deformations of the theory that must be
considered together with the embedding tensor because they can be related. The d-tensors
being defined already in the undeformed theory, the rest of the deformations of the theory
are dictated by the Stu¨ckelberg mass parameters Zimn and Zim.
Zimn is related to the embedding tensor through the defining relation16
ϑ(im|ATAjn|kp) = Zjnqdq im jp . (3.35)
through the orthogonality relation
ϑim
AZimn = 0 , (3.36)
and through the requirement of gauge invariance
ϑim
AYA
jnp = 0 , where YA
jnp ≡ δAZinp . (3.37)
It is not difficult to see that the only solution to these three constraints is
15One of the two degrees of freedom of vi corresponds to the gauge coupling constant.
16In this equation the parenthesis indicates the simultaneous symmetrization of the pairs of indices im
and kp.
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Zimn = viδmn , (vi = jivj) , (3.38)
and, therefore, the only non-vanishing components of the tensor Ya
imn are
Ya
imn = viTa
(m
qδ
n)q , Yα
imn = Tα
i
jv
jδmn . (3.39)
Zim must be orthogonal to Z
inm
ZimZ
jnm = 0 , (3.40)
which can only be satisfied by Zim = 0. This solution is gauge-invariant and the corre-
sponding Y tensor vanishes identically:
YA im = 0 , A = m, a, α . (3.41)
There are five constraints more relating the three deformation tensors ϑim
A, Zimn
and Zim among themselves and to the d-tensors [?]:
ϑim
ATA
p
n + 2dn im jqZ
jqp + Zjnd
j
im
p = 0 ,
ϑim
ATAjk + 2Z(j|nd|k)imn = 0 ,
dijp
[m|Zjp|n] + Zipdpmn = 0 ,
1
2d
k
(ip|mdk|jq)n + dmnpdp ip jq + 3d[m|ip jq lrZ lr|n] = 0 ,
Zimd
m
jnkp lq − di(jn|mdm|kp lq) = 0 ,
(3.42)
where dmjnkp lq is another d-tensor fully symmetric in the three lower (pairs of) indices.
They are satisfied identically when this tensor vanishes.
The conclusion of this section is that we have found a set of deformation parameters
ϑim
n = viδm
n , Zimn = viδmn , Zim = 0 (3.43)
that describe a one-parameter family of SO(3) gaugings of maximal 8-dimensional super-
gravity with the properties we were looking for.
In what follows we are going to construct explicitly this family of theories using the
general results of Ref. [?].
3.3 Construction of the 1-parameter family of equivalent
SO(3)-gauged N = 2, d = 8 supergravities
The first step is the construction of the tensor hierarchy. Since this has been done in
Ref. [?] for most of the fields in a generic 8-dimensional theory, we just have to replace
the values of the d-tensors and the deformation tensors to get most of the field strengths
and all the Bianchi identities and the identities relating all the Bianchi identities. They
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can be found in Appendices ??, ?? and ??, respectively. Nevertheless, we would like to
remark the definitions of the first and second covariant derivatives of the scalars
Dφx ≡ dφx −Aimvikmx , (3.44)
D ?Dφx ≡ d ?Dφx + ΓyzxDφy ∧ ?Dφz −Aimvi∂ykmx ∧ ?Dφy , (3.45)
and the fact that the Noether current 1-forms defined in Eq. (??)17 also need to be
covariantized
j
(σ)
A ≡ kAxGxyDφy , (3.46)
D ? j(σ)A ≡ d ? jA + fABCAB ∧ ?jC . (3.47)
As explained in Ref. [?], the Bianchi identities of the magnetic fields are related to
the equations of motion of the electric ones upon the use of the duality relations between
electric and magnetic field strength given in Appendix ?? and assuming that the Bianchi
identities of the electric field strengths are satisfied. The precise relation can be found
by studying the Noether identities associated to the gauge invariance of the action of the
theory (whose existence we assume) and, adapted to this theory, is
kA
x δS
δφx
= B(KA) , A = m, a, α , (3.48)
δS
δAim
= B(F˜im) +
(
δ1iBm − 16mnpA1nAjp
)B(G2)− 12mnpijAjnB(H˜p) , (3.49)
δS
δBm
= B(H˜m) , (3.50)
δS
δC1
= B(G2) . (3.51)
From these relations we find
17In absence of interactions between the scalars and other fields these Noether currents are conserved
d ? j
(σ)
A = 0. After gauging, in general they are no longer conserved. Their covariant generalizations are
covariantly conserved D ? j(σ)A = 0, though. See Eq. (??) and its ungauged limit.
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km
x δS
δφx
= −D ? j(σ)m − mnp
[MnqWijF ip ∧ ?F jq −MpqHn ∧ ?Hq] , (3.52)
ka
x δS
δφx
= −D ? j(σ)a − Tanp
[MnqWijF ip ∧ ?F jq −MpqHn ∧ ?Hq
−vi ? ∂V
∂ϑipn
+ vi ?
∂V
∂Zipn
]
, (3.53)
kα
x δS
δφx
= −d ? j(σ)α − Tαij
[
MmnWikF jm ∧ ?F kn + 12WikGj ∧ ?Gk
−viδmn ? ∂V
∂ϑjnm
+ vjδmn ?
∂V
∂Zimn
]
, (3.54)
δS
δAim
= −D(WijMmn ? F jn)− mnpijF jnMpq ? Hq − (δi1G˜− δi2G)Hm
−viKm +
(
δ1iBm − 16mnpA1nAjp
) δS
δC
− 12mnpijAjn
δS
δBp
, (3.55)
δS
δBm
= −D(Mmn ? Hn) + F 1mG˜− F 2mG+ 12mnpHnHp + viWijMmn ? F jn ,(3.56)
δS
δC
= −dG˜+ F 2mHm . (3.57)
The scalar equations of motion can be recovered from the above three relations by
using
1. The relation that expresses the gauge-invariance of the scalar potential
kA
x ∂V
∂φx
= YA
]∂V
∂c]
, (3.58)
where the index ] labels the deformations c], which, in this case, are just ϑim
A, Zimn
and Zim. Using the values of the Y -tensors computed before and
∂V
∂Zim
= 0 , (3.59)
we get the relations
km
x ∂V
∂φx
= 0 , (3.60)
ka
x ∂V
∂φx
= −viTapn ∂V
∂ϑinp
+ viTa
n
p
∂V
∂Zinp
, (3.61)
kα
x ∂V
∂φx
= −Tαjivjδpn ∂V
∂ϑinp
+ Tα
i
jv
jδnp
∂V
∂Zinp
. (3.62)
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2. The invariance of the theory under the U-duality group implies that the kinetic
matrices Mmn(φ) and Wij satisfy the following relations:
km
x∂xMnp = −2mq(nMp)q ,
ka
x∂xMnp = −2Taq(nMp)q ,
kα
x∂xWij = −2TαK (iWj)k .
(3.63)
The axidilaton field τ transforms non-linearly under SL(2,R) (fractional-linear trans-
formations). Taking into account the (unconventional, by an overall sign) definition
of the dual 4-form G˜ that constitutes the lower entry of the symplectic vector Gi18,
the infinitesimal SL(2,R) transformations of τ take the form
kα
x∂xτ = −Tα 11 + (Tα 11 − Tα11)τ + Tα11τ2 . (3.64)
3. Finally, using the Killing equation it is not difficult to prove the following identity for
the Killing vectors kA
x of a metric Gxy(φ) and the associated covariantized Noether
1-form defined in Eq. (??)
kAxD ?Dφy = D ? j(σ)A . (3.65)
Then, the scalar equations of motion are
δS
δφy
= −GxyD ?Dφy + 12∂x
{WijMmnF im ∧ ?F jn +MmnHm ∧ ?Hn
+e−ϕG ∧ ?G− aG ∧G− V (φ)} .
(3.66)
These equations can be split into those corresponding to the scalars in the coset
spaces SL(3,R)/SO(3) and SL(2,R)/SO(2) in the obvious way.
We will discuss the form of the potential later.
The scalar equations of motion give us all the kinetic terms in the action:
S(0) =
∫ {− ? R+ 14Tr (DMM−1 ∧ ?DMM−1)+ 14Tr (dWW−1 ∧ ?dWW−1)
+12WijMmnF im ∧ ?F jn + 12MmnHm ∧ ?Hn + 12e−ϕG ∧ ?G− 12aG ∧G− V
}
.
(3.67)
(We have added the Hilbert-Einstein term, which, evidently, should be there). Now
we have to add the Chern-Simons terms necessary to obtain the other equations of motion,
starting by those of the higher-rank potentials (C). However, all the Chern-Simons terms
of the ungauged theory must be present (since we must recover it in the vi = 0 limit) and
it makes sense to add to the above action the covariantization of those terms, namely
18It is this definition that brings us to the unconventional SL(2,R) matrix W
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S(1) =
∫ {−dC1∆G2 − 12∆G1∆G2 − 112mnpBmDBnDBp + 14mnpBmHnHp
− 124ijAimAjn∆HmDBn
}
,
(3.68)
where now the field strengths and derivatives are the covariant ones and
∆Hm = Hm −DBm , ∆Gi = Gi − dCi . (3.69)
C only occurs in one place in this Chern-Simons term and, therefore, using d∆G2 =
dG2 and the Bianchi identity B(G2) in Eq. (??) we get
δS(0) + S(1)
δC1
= −dG˜+ d∆G2 = −dG˜+ F 2mHm , (3.70)
in agreement with Eq. (??).
For the 2-forms we find
δS(0) + S(1)
δBm
=
δS
δBm
+ 112viF
imBnBn +
1
6viF
inBnBm +
1
2vi2GiBm
+12ij2Gi2F jm − 14mnp∆Hn∆Hp + 124D (ijAimAin∆Hn) ,
(3.71)
where δS/δBm is the expected equation of motion, given in Eq. (??), and where the boxes
acting on field strengths denote the terms on that field strength that only depend on the
1-form fields. Thus, the terms in the second line only depend on the 1-form fields and it
is very easy to add a term to the action, linear in Bm to cancel them. However, we must
make sure, first, that those terms always depend on vi, so they disappear in the ungauged
limit. Indeed, expanding them we find that all the v-independent terms in them cancel.
As for the unwanted terms in the first line (all of them v-dependent), they can be easily
integrated. We conclude that we must add to the action a new correction:
S(2) =
∫ {− 112vi(F im − viBm)BmBnBn + 14mnpBm∆Hn∆Hp − 12ij2Gi2F jmBm
+ 124ijA
imAinDBm∆Hn
}
.
(3.72)
Varying S(0)+S(1)+S(2) with respect to C and Bm gives the expected equations of motion.
The terms that remain to be added only contain 1-forms and their derivatives and
only contribute to the equations of motion of the 1-forms. They are of the form (dA)2A4
and (dA)A6 and their form is exceedingly complicated and we have not determined them.
3.3.1 The scalar potential
Finally, we have to find the scalar potential. The scalar potential must satisfy Eq. (??),
but this equation does not fully determine it. In supergravity theories, the scalar potential
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is determined by supersymmetry, and is quadratic in the fermion shifts.19
There seem to be no general rules available in the literature to construct the fermion
shifts of any gauged supergravity, although, based on the example of gauge N = 3, d = 4
supergravity [?], it was suggested in Ref. [?] that they can be written in terms of the
dressed structure constants of the gauge group.
Looking into Ref. [?], we can see that the fermion shifts of SO(3)-gauged N = 2, d =
8 supergravity theory fit into this general rule and are written in terms of
fmn
p ≡ LmmLnnLppfmnp , (3.73)
where fmn
p = mnp, the matrix Lm
n is the SL(3,R)/SO(3) coset representative, and Lmnis
its inverse.20
It is, however, well-known that in N = 1, 2, d = 4 supergravities the fermion shifts
are written in terms of the momentum maps PA
Σ associated to the symmetries being
gauged: the index A runs over its Lie algebra and the index Σ runs over the Lie Algebra
of the R-symmetry group. Thus, in this theory, they would have be PA
m with A = m, a, α.
As discussed in Ref. [?], these two ways of writing fermion shifts are, actually, equiv-
alent because the dressed structure constants can be rewritten in terms of the momentum
maps. The momentum maps, though, can be combined with the embedding tensor in a
natural way (ϑim
nPn
p) and more general gaugings can be considered. We will, therefore,
use the momentum maps to write the fermion shifts of the theory at hands.
A problem one finds in trying to write fermion shifts with the right structure is
that the structure of the fermion shifts and of the entire supersymmetry transformations
given in Ref. [?] does not show the transformation properties of the spinors under the
R-symmetry group SO(2)×SO(3) ∼U(1)×SU(2), because the fermions obtained in the
dimensional reduction from 11 dimensions are not symplectic-Majorana. A symplectic-
Majorana (pair) I I = 1, 2 transforms as a doublet under SU(2) and as a singlet under
U(1) in a natural way. Therefore, we are going to use symplectic-Majorana spinors in our
proposal: gravitini ψµI , dilatini λ
I
m and supersymmetry parameters 
I and we are going
to define the fermion shifts SIJ , Nm
I
J
δψµI ∼ · · ·+ SIJJ ,
δλ
I
m ∼ · · ·+NmIJJ .
(3.74)
Now, in order to construct SIJ and Nm
I
J it is necessary to introduce an object
with properties similar to those of the symplectic sections of N = 2, d = 4 theories and
their generalizations to higher N denoted by VMIJ where the index M labels the vectors
available in the theory (electric and magnetic in 4 dimensions) and the indices I, J are R-
symmetry indices in the representation carried by the spinors (the fundamental of SU()N ).
This generalization, must have the same structure, i.e. V imIJ and our proposal for this
object is
19The exception is N = 1, d = 4 supergravity, which, even in the ungauged case, admits a scalar potential
entirely built from the superpotential, which is largely arbitrary.
20Here m,n, p = 1, 2, 3 are, as in the rest of this paper, indices of the fundamental (vector) representation
of SL(3,R) and m,n,p = 1, 2, 3 are indices in the fundamental representation of SO(3)).
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V imIJ ≡ V iLmmIKσmKJ , and V imm ≡ V iLmm , (3.75)
where we have introduced
(Vi) ≡ eϕ/2(τ 1) , (3.76)
which transforms linearly under SL(2,R) up to a U(1) phase.
Using these ingredients, the fermion shifts can be written in the form
SIJ = V im[I|KϑimnPnp(σp)K |J ] , (3.77)
Nm
I
J = V inrϑinpPps
(
δrmδ
q
s − 12δmqδrs
)
(σq)IJ , (3.78)
where the (σp) are Pauli’s sigma matrices. For the class of gaugings that we are consid-
ering, with embedding tensor ϑim
n = viδm
n
SIJ = V
iviLn
mPm
nIJ , (3.79)
Nm
I
J = V
ivi
(
Lm
nPn
p − 12δmpLqnPnq
)
(σp)IJ . (3.80)
Now we observe that the dressed structure constants can, in this case, be expressed in
these two different ways:
fmn
p =

Lm
qΓAdj(L
−1)qA(TA)np ,
mnqT
qp ,
(3.81)
where we have defined
Tmn ≡ LpmLpn . (3.82)
Contracting both identities with npr we find21
2Lm
pPp
n = −Tmn + δmnT , where T ≡ δmnTmn , (3.83)
which allows us to express the fermion shifts entirely in terms of Tmn:
SIJ = IJV
iviT , (3.84)
Nm
I
J = V
ivi
(
Tmp − 12δmpT
)
(σp)IJ , (3.85)
as they appear in Ref. [?].
21This projects the first identity over the SO(3) generators A = m and we remind the reader our
definition of momentum map PB
m = ΓAdj(L
−1)Bm.
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The combination of the fermion shifts that gives the scalar potential is
V = −14SIJS∗ IJ + 18δmnNmIJN∗nIJ = −12W ijvivj
[
Tr(M)2 − 2Tr(M2)] , (3.86)
whereW ij is the SL(2,R)/SO(2) symmetric matrix defined in Eq. (??) and where we have
used, to simplify the comparison with the results of Refs. [?,?]
Mmn ≡ LmpLnp , so that T = Tr(M) , and TmnTmn = Tr(M2) . (3.87)
The expression obtained is SO(3) invariant and, formally (because vi is rotated)
SL(2,R) invariant. For vi = gδi1 one recovers the scalar potential of the Salam-Sezgin
theory22 and for vi = gδi
2 the scalar potential of the AAMO theory is recovered.
Since our main concern here was to find the scalar potential, in this section we have
only studied the fermion shifts in the supersymmetry transformations of the fermions. It
is worth, however, discussing the general form of all the supersymmetry transformations of
the theory. We know that the supersymmetry transformations of the bosonic fields do not
change under gauging, as a rule. The structure of the supersymmetry transformations of
the fermions is, apart from the additional fermion shifts, the same as in the ungauged case
with the field strengths replaced by the new ones and the derivatives replaced by gauge-
covariant derivatives. Since the fermions only transform under the R-symmetry group,
their covariant derivatives are different from the covariant derivatives of the bosonic fields,
which transform in representations of the whole duality group. The construction of these
covariant derivatives offers no particular problems and is discussed in detail in Ref. [?].
3.4 Conclusions
By applying the general results obtained in Ref. [?] we have constructed explicitly a 1-
parameter family of SL(2,R)-related, SO(3)-gauged maximal 8-dimensional supergravities
that interpolates between Salam and Sezgin’s [?] and AAMO’s [?], realizing the possibilities
noticed in Refs. [?,?]: for each value of that parameter a different combination of the two
triplets of 1-forms (one coming from the 11-dimensional metric and the other coming from
the 11-dimensional 3-form) plays the roˆle of gauge vectors.
The existence of this family confirms the identification of AAMO with a honest
SO(3)-gauged maximal 8-dimensional supergravity in spite of its very unconventional ori-
gin: the so-called massive 11-dimensional supergravity proposed in Ref. [?]. Furthermore,
it proves its relation with the Salam-Sezgin theory by an SL(2,R) transformation, some-
thing that would have been very difficult to do directly. Thus, we have achieved the two
goals stated in the introduction. At the same time, our result poses further questions:
what is the 11-dimensional origin of all the theories in this family if we insist in using the
same compactification Ansatz?
A key ingredient of the gauged supergravities we have constructed is the scalar
potential. This is not determined by the tensor hierarchy, which only puts generic con-
straints on it. In a supergravity theory (different from N = 1, d = 4) the scalar potential
22Beware of the different conventions for the dilaton field!
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is a quadratic form on the fermion shifts. These have to be scalar-dependent expressions
linear on the embedding tensor, but their general form is not known.23 This is one of the
main obstructions to find a general formulation of all gauged supergravities in all dimen-
sions. We have proposed a general form of the fermion shifts for maximal 8-dimensional
supergravity that reproduces the fermion shifts found by Salam and Sezgin and gives the
expected (formally) duality-invariant form of the scalar. Interestingly enough, this form
is similar to that of the fermion shifts occurring in 4-dimensional supergravities, where
the scalar fields appear combined in an object (symplectic section and generalizations)
related to part of the coset representative. We believe that this object should exist in any
supergravity theory (if it can be gauged at all) and its identification and study should be
the key for finding the general formulation of gauged supergravities we wish for.
23They are known in N = 2, d = 4, 5 supergravity and in other N ≥ 3, d = 4 supergravities as well. See
Ref. [?] and references therein.
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f(Lovelock) theories of gravity
This chapter is based on
Pablo Bueno, Pablo. A. Cano, Oscar Lasso Andino and Pedro F. Ramı´rez
“f(Lovelock) theories of gravity,”,
JHEP 1604 (2016) 028. arXiv:1602.07310 [hep-th], [?].
Higher-derivative theories of gravity have been subject of intense study in recent
years. The reasons for this interest are diverse. From a fundamental perspective, it is
clear now that general relativity is an effective description which most certainly needs to
be completed in the ultraviolet. A characteristic manifestation of the putative underlying
theory would be the appearance of a series of higher-derivative terms, consisting of different
contractions of the Riemann tensor and its covariant derivatives, which would correct the
Einstein-Hilbert (EH) action at sufficiently high energies. This is of course the case of
String Theory, which generically predicts an infinite series of such terms — see e.g., [?,?,?].
While many explicit String Theory models giving rise to particular effective higher-
derivative theories have been constructed, there exists a less fundamental but more prac-
tical approach which has been also vastly studied in the literature. Such approach consists
in regarding certain higher-derivative theories as quantum gravity toy models. This is the
case, for example, of topologically massive gravity [?] and new massive gravity [?] in three
dimensions, or critical gravity [?] in four. In these theories, and others of the like, the EH
action is supplemented by a few additional higher-derivative terms which improve some
of the properties of the original theory — e.g., by making it renormalizable [?,?].
Constructions of this kind are also very useful in the holographic context [?,?,?]. In-
deed, through the holographic dictionary, higher-derivative theories have been successfully
used to unveil various properties of general strongly coupled systems in various dimen-
sions — see e.g., [?,?,?,?,?,?]. In this context, the philosophy also consists in regarding
these theories as computationally useful toy models: if a certain property holds for general
strongly coupled conformal field theories (CFTs), it is reasonable to expect that these toy
models are able to capture it — and that has been proven to be very often the case. A
paradigmatic example of this class of theories is quasi-topological gravity [?,?], which was
precisely conceived as a multi-parameter holographic toy model of strongly coupled CFTs
in various dimensions.
Most likely, the area of research in which higher-derivative gravities have appeared
more often is cosmology. In that context, these terms are considered with the idea that
general relativity might not be, after all, the right description of the gravitational inter-
action at cosmological scales. This is of course motivated by the puzzling existence of
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dark matter and dark energy, as well as by the need to construct a coherent picture —
beyond the Λ-CDM model — of the universe evolution able to incorporate, in particular,
an inflationary scenario compatible with the observations.1
Two of the higher-derivative theories which have received more attention within the
areas explained above are Lovelock [?,?] and f(R) gravities — see e.g., [?]. While there
has been a large amount of papers studying different aspects of these higher-derivative
gravities, remarkably little work has been done on the class of theories which most naturally
incorporates both f(R) and Lovelock in a common framework. We are talking, of course,
about f(Lovelock) gravities, which are the subject of this paper.
The most general f(Lovelock) action can be written as
Sf(Lovelock) =
1
16piG
∫
M
dDx
√
|g| f(L0,L1, . . . ,LbD/2c) , (4.1)
where f is some differentiable function of the dimensionally extended Euler densities (ED)2
Lj = 1
2j
δ
µ1...µ2j
ν1...ν2j R
ν1ν2
µ1µ2 . . . R
ν2j−1ν2j
µ2j−1µ2j . (4.2)
In particular, e.g., L1 = R, and L2 = R2 − 4RµνRµν + RµνρσRµνρσ, which are the usual
EH and Gauss-Bonnet (GB) terms respectively. Note that Lj vanishes identically for
j > bD/2c, i.e., for j > D/2 when D is even, and for j > (D − 1)/2 for odd D.
Naturally, the above action (??) reduces to the usual Lovelock and f(R) theories
when we choose f to be a linear combination of ED and some arbitrary function of the
Ricci scalar respectively,
fLove. =
bD/2c∑
n=0
λn Λ
1−n
0 Ln , ff(R) = f(R) , (4.3)
where Λ
−1/2
0 is some length scale, and λj are dimensionless couplings.
3 When D is even,
the combination ‘
√|g| LD/2’ is topological in the sense that its integral over a boundaryless
manifold is proportional to the manifold’s Euler characteristic.4 The variation of each of
these topological terms can be written as a boundary term,5 and does not contribute to the
equations of motion of the Lovelock theory. This is the case e.g., of Einstein gravity in two
dimensions, and GB in four. However, the situation changes when the action is no longer
a linear combination of ED like in the general f(Lovelock) theory. For example, terms of
the form ‘
√|g|R · L2’ are not topological in four dimensions. Another distinctive feature
of Lovelock gravities which is not inherited in the more general f(Lovelock) framework is
the fact that the former have second-order equations of motion. In fact, Lovelock gravities
are the most general theories of gravity involving arbitrary combinations of the Riemann
1The body of literature in this area is huge. See e.g., [?,?,?,?] for some nice reviews on higher-derivative
gravities and cosmology.
2The alternate Kronecker symbol is defined as: δµ1µ2...µrν1ν2...νr = r!δ
[µ1
ν1 δ
µ2
ν2 . . . δ
µr ]
νr .
3Note that explicit cosmological constant and EH terms can be trivially made appear in fLove. by setting:
λ0 = −2 and λ1 = 1 respectively. Similarly, we could replace ff(R) in (??) by ff(R) = −2Λ0 + R + f(R)
to make those terms explicit in the f(R) action.
4For manifolds with boundary, a boundary term needs to be added to the Lovelock action to produce
the right Euler characteristic, see e.g., [?]. We review such term in the next section.
5Indeed, locally, it is possible to write the terms ‘
√|g| LD/2’ themselves as total derivatives [?].
86
Chapter 4. f(Lovelock) theories of gravity
tensor which possess second-order equations of motion.6 f(Lovelock) theories generically
have fourth-order equations — see (??) and (??).
Certainly, the research area in which f(Lovelock) gravities have been considered
more actively so far is cosmology — see e.g., [?,?,?,?,?,?,?,?,?,?], where, for example,
they have been used to reproduce numerous features of the Λ-CDM model. In that context,
the spacetime dimension is fixed to D = 4 for obvious reasons, the f(Lovelock) action
becomes a function of the Ricci scalar and the GB terms alone, and these theories are
better known as ‘f(R,G)’ gravities.
An interesting theoretical development was carried out in [?]. In that paper, the
following formula for the gravitational entropy in f(Lovelock) theories was proposed,
SSW =
1
4G
∫
m
d(D−2)x
√
hm
bD/2c∑
p=1
[
p
∂f
∂Lp ·
(D−2)Lp−1
]
, (4.4)
where m is the corresponding horizon, and (D−2)Lp−1 is the (p − 1)-th ED associated to
the pullback metric. This functional reduces to the well-known Jacobson-Myers functional
(JM) for Lovelock gravities [?] and, as shown in [?], it satisfies and increase theorem for
small perturbations of Killing horizons as well as a generalized version of the second law for
minimally-coupled fields. Apart from its interest in black hole thermodynamics, (??) has
also been used in the holographic context. In fact, it is known [?,?] that the JM functional
gives rise to the right universal terms when used to compute holographic entanglement
entropy (HEE)7 for these theories. This fact, along with the increase theorem already
mentioned, was interpreted in [?, ?] as evidence for SSW to be the right HEE functional
for f(Lovelock) theories. The results found in those papers provide strong evidence that
this is indeed the case.
The last two paragraphs summarize, to the best of our knowledge, the few aspects
of general f(Lovelock) theories which have been so far studied in the literature. The goal
of this paper is to develop several more.
4.0.1 Main results
Our main results, section by section, can be summarized as follows:
• In section ??, we generalize the Gibbons-Hawking-York (GHY) boundary term of
general relativity [?,?], and its extensions to Lovelock [?,?] and f(R) [?] gravities to
general f(Lovelock) theories. This new term — see (??) below — reduces to these
in the appropriate subcases, and makes the f(Lovelock) action differentiable. The
construction of this boundary term allows us to determine the number of physical
degrees of freedom of the theory, which turns out to be D(D − 3)/2 + r, where r is
the rank of the Hessian matrix Hnm = ∂n∂mf .
• In section ??, we make this counting of degrees of freedom explicit by showing that
f(Lovelock) theories are equivalent to scalar-Lovelock gravities containing r scalar
fields.
6This statement is true for metric theories of gravity.
7See section ?? for more details on entanglement entropy.
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• In section ??, we linearize the f(Lovelock) equations on a maximally symmetric
background (m.s.b.). Interestingly, we find that these theories do not propagate
the usual ghost-like massive graviton characteristic of higher-derivative gravities.
Furthermore, we show that certain non-trivial f(Lovelock) theories are also free of
the — also characteristic — scalar mode, thus providing new examples of higher-
derivative gravities which only propagate the usual physical graviton field on these
backgrounds. For these theories, the equations of motion are second-order in any
gauge, and the only effect of the higher-derivative terms appears in an overall factor
whose effect is to change the normalization of the Newton constant. We provide
examples of this class of theories in general dimensions.
• In section ??, we consider holographic theories dual to some classes of f(Lovelock)
theories and find constraints on the allowed values of their couplings. The first set
of constraints is found by simply imposing the corresponding theory to admit an
AdSD solution. After that we consider the holographic entanglement entropy of
various entangling regions in the boundary theory, and find additional constraints
by imposing the holographic surfaces to close off smoothly in the bulk.
• Last, but not least, in section ?? we construct new black hole solutions for certain
f(Lovelock) theories. In particular, we start by embedding all solutions of pure
Lovelock theory — involving a single ED, Ln, plus a cosmological constant — in
f(Ln), with special focus on static and spherically symmetric black holes. In par-
ticular, we construct the f(Ln) generalizations of the Schwarzschild(-AdS/dS) and
Reissner-Nordstro¨m(-AdS/dS) black holes. We also construct new solutions for the-
ories satisfying f(L0n) = f ′(L0n) = 0 for some constant L0n. We go on to study
under what conditions solutions of the general Lovelock theory can be embedded in
f(Lovelock) theories depending on several ED. Finally, we construct a new static and
spherically symmetric black hole solution of a particular f(R,L2) theory in general
dimensions.
• We comment on future directions in section ??.
Let us get started.
4.1 Variational problem and boundary term
In this section we study the variational problem in f(Lovelock) theories. Our main result
is a new boundary term which generalizes the well-known GHY one for Einstein gravity as
well as its generalizations to Lovelock and f(R) theories. As we will see, the addition of this
term to the f(Lovelock) action makes the corresponding variational problem well-posed.
A physical theory is often defined through an action functional, which is a map from
a normed vector space (usually a space of functions) to the real numbers. On general
grounds, the dynamical variables of the theory are described by some fields φa. The
action S [φa] consists in turn of a definite integral over a spacetime manifoldM, being the
integrand a function of those fields and their derivatives, i.e.,
S [φa] =
∫
M
dDx
√
|g|f(φa,∇φa, . . . ) . (4.5)
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Now, by a well-posed variational problem we mean one for which the action func-
tional is differentiable. That is, under small variations of the fields φa → φa+δφa we must
be able to write the variation of the functional as
S [φa + δφa]− S [φa] = δS [φa, δφa] +O
(
(δφa)2
)
, (4.6)
where δS [φa, δφa] is linear on δφa. If we perform this variation explicitly in (??), we find
two terms, namely
δS =
∫
M
dDx
√
|g| Ea δφa +
∫
∂M
dD−1x
√
|h| θ (φa,∇φa, δφa,∇δφa, . . . ) . (4.7)
Here, Ea is a function of the fields and their derivatives, h is the determinant of the induced
metric on the boundary ∂M and θ is some function of the fields and their derivatives.
While the first term is linear on δφa, the second is not necessarily of that form. Field
perturbations need to respect the field (Dirichlet) boundary conditions, i.e., they are
required to satisfy δφa|∂M = 0. However in general ∇δφa|∂M 6= 0 and in consequence this
boundary term may not be trivially zero, making the action functional non-differentiable.
When this is the case, one can sometimes modify the original action by introducing
an appropriate boundary term such that its variation cancels this contribution. When
it can be constructed, this boundary term makes the functional differentiable and the
variational problem becomes well-posed. After the addition of the boundary term, the
complete action reads
S [φa] =
∫
M
dDx
√
|g| f(φa,∇φa, . . . ) +
∫
∂M
dD−1x
√
|h|ψ (φa,∇φa, . . . ) . (4.8)
Now, its variation is simply given by
δS =
∫
M
dDx
√
|g| Ea δφa , (4.9)
because ψ has been chosen in a way such that (θ + δψ) = 0.
The principle of least action asserts that a field configuration φa0 is a solution of
the theory if it constitutes a stationary point of the action functional, i.e., if δS [φa0] = 0.
Hence, solutions of the theory satisfy the equations of motion Ea = 0.
Before we go on, let us mention that, in general, the boundary term is not the
only addition to the original action that needs to be made. In particular, extra counter-
terms usually need to be included in order for the action to be finite when evaluated on
configurations satisfying the equations of motion. We will not be concerned with that
issue here.8
4.1.1 Equations of motion
Let us now see how the ideas sketched in the previous subsection apply to the f(Lovelock)
theory, whose action is given by (??). If we vary this action with respect to the metric,
we find
δSf(Love.) =
1
16piG
∫
M
dDx
√
|g| Eµνδgµν + ε
16piG
∫
∂M
dD−1x
√
|h|
bD/2c∑
n=1
δvµnnµ∂nf , (4.10)
8Let us parenthetically mention that such counter-terms where constructed for AdSD spacetimes in [?]
and [?,?] for Einstein and Lovelock theories respectively.
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where we have used the Stokes theorem in the second term. Here, nµ is a vector orthonor-
mal to the boundary ∂M with nµnµ = ε and hµν = gµν − ε nµnν is the pullback metric.
The quantities Eµν and δvµj are given by
Eµν =
bD/2c∑
n=1
[
E(n)µν +
1
2
gµνLn − 2P (n)ανλµ∇α∇λ
]
∂nf − 1
2
gµνf , (4.11)
and
δvµj = 2g
βσP
(j)µν
αβ ∇αδgνσ , (4.12)
respectively. In these expressions we have defined the following tensors9
E(j)µν =
−1
2j+1
gαµδ
αµ1...µ2j
νν1...ν2j R
ν1ν2
µ1µ2 · · ·R
ν2j−1ν2j
µ2j−1µ2j , P
(j)µν
αβ =
−j
2j
δ
µνσ1...σ2j−2
αβλ1...λ2j−2R
λ1λ2
σ1σ2 · · ·R
λ2j−3λ2j−2
σ2j−3σ2j−2 .
(4.13)
Also, in (??) and (??) we have used the notation ∂nf = ∂f/∂Ln, which will appear
throughout the text. Now, if we forget the boundary contribution for a moment, we see
that the equations of motion of the theory read
Eµν = 0 , (4.14)
whose trace is10
bD/2c∑
n=1
[
nLn − 2n(D − 2n+ 1)E(n−1)µν ∇µ∇ν
]
∂nf − D
2
f = 0. (4.15)
As expected, these reduce to the Lovelock and f(R) equations of motion,
bD/2c∑
n=0
λn Λ
1−n
0 E(n)µν = 0 , Ef(R)µν = f ′(R)Rµν −
1
2
f(R)gµν + (gµν2−∇µ∇ν) f ′(R) = 0 ,
(4.16)
when we choose f = fLove. and f = ff(R) as in (??) respectively. In particular, observe
that ∇λ(∂jf) = 0 ∀ j when f is a linear combination of ED — corresponding to the
usual Lovelock theory — so the term contributing with fourth-order derivatives in (??)
disappears in that case. In appendix ??, we provide the explicit equations of motion
corresponding to D-dimensional f(Lovelock) theories which are only functions of the Ricci
scalar and the GB terms, i.e., f = f(R,L2). These are, in particular, the most general
f(Lovelock) gravities in four dimensions, as the densities Lp identically vanish for all p ≥ 3
in that case.
4.1.2 Generalized boundary term
Let us now see what happens with the boundary contribution to δS. As we explained
at the beginning of this section, the variational problem for (??) cannot be well-posed
because such an action is not differentiable, as is clear from the presence of the boundary
term in (??).
9Both tensors are divergence-free in all indices, i.e., ∇µE(j)µν = 0, ∇αP (j)µναβ = 0.
10 In order to get this result we used the relations: E(n)αα = (n − D/2)Ln and P (n)λµαµ = n(D − 2n +
1)E(n−1)λα .
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In the familiar case of Einstein gravity, the problem is solved through the introduc-
tion of the usual GHY term [?,?]
SEH → SEH + SGHY , where SGHY = ε
8piG
∫
∂M
dD−1x
√
|h|K, (4.17)
and K is the trace of the second fundamental form associated to the boundary normal
nµ, i.e., K = g
µνKµν , where Kµν = h
ρ
µ∇ρnν . It is a standard exercise to show that the
variation of this corrected action does not contain additional boundary terms as long as
the usual Dirichlet boundary condition11
δgµν
∣∣∣
∂M
= 0 , (4.18)
is satisfied. Indeed, the variation of K produces a term which exactly cancels the original
boundary contribution coming from the variation of the EH action, plus additional terms
which vanish for configurations respecting (??). Hence, the corrected EH action is differen-
tiable. Since the only condition we need to impose in order to find a solution to the theory
is (??), i.e., we only need to fix the metric at the boundary, we can obtain the number of
classical degrees of freedom of Einstein gravity as the number of independent components
of the boundary metric. This yields the well-known result: ndof = D(D − 3)/2.
The problem becomes more involved in Lovelock and f(R) gravities, for different
reasons in each case. Lovelock theories possess second-order equations of motion, and the
metric does not propagate additional degrees of freedom with respect to Einstein gravity.
Therefore, the only boundary condition that one needs to impose is again given by (??).
However, the boundary term that needs to be added to the usual Lovelock action — see
(??) and (??) — in order to make it differentiable is considerably more involved than the
GHY term. The full Lovelock action is given by12
SLove. → SLove. + SMTZ , where SMTZ = ε
16piG
bD/2c∑
n=0
λnΛ
1−n
0
∫
∂M
dD−1x
√
|h|Qn ,
(4.19)
and where
Qn = 2n
∫ 1
0
dt δµ1...µ2n−1ν1...ν2n−1 K
ν1
µ1
[
1
2
Rν2ν3µ2µ3 − t2Kν2µ2Kν3µ3
]
· · ·
[
1
2
Rν2n−2ν2n−1µ2n−2µ2n−1 − t2Kν2n−2µ2n−2Kν2n−1µ2n−1
]
.
(4.20)
Indeed, it is possible to prove that
δQn
∣∣∣
δgµν |∂M=0
= nµδv
µ
n , (4.21)
i.e., the variation of this term exactly cancels the boundary contribution which appears
from the variation of SLove. as long as the boundary condition (??) is satisfied. Therefore,
the addition of SMTZ makes the Lovelock variational problem well-posed. Of course, SMTZ
reduces to SGHY in the particular case of Einstein gravity.
11Clearly, boundary terms in general, and the GHY one in particular, are not unique. They are only
unique up to contributions whose variations vanish when we impose Dirichlet boundary conditions.
12The ‘MTZ’ label here stands for Myers [?], Teitelboim and Zanelli [?] who independently first showed
how to construct this boundary term. The equivalence of both approaches was proven in [?].
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As opposed to Lovelock theories, general f(R) gravities have fourth-order equations
of motion. This means that the theory contains more degrees of freedom than Lovelock
gravity and that besides (??), additional boundary conditions must be imposed. In fact,
as we review in section ??, f(R) gravities with f ′′(R) 6= 0 are equivalent to Brans-Dicke
theories, in which a scalar field φ related to the f(R) metric through φ = f ′(R) is coupled
to the gravitational field. Hence, it is natural to expect that a condition of the form
δφ|∂M = δ(f ′(R))|∂M = (f ′′(R)δR)|∂M = 0→ δR|∂M = 0 , (4.22)
needs to be added in that case. On the other hand, we expect again the boundary term to
reduce to the GHY one for f(R) = R − 2Λ0. These observations turn out to be right, as
the f(R) variational problem can be made well-posed by considering the following action13
Sf(R) → Sf(R) + SMB , where SMB =
ε
8piG
∫
∂M
dD−1x
√
|h|f ′(R)K . (4.23)
This trivially reduces to SGHY for Einstein gravity. Besides, its variation precisely com-
pensates the extra boundary term produced from the variation of Sf(R). In particular,
imposing (??) one finds
δSf(R) + δSMB =
1
16piG
∫
M
dDx
√
|g| Ef(R)µν δgµν +
ε
8piG
∫
∂M
dD−1x
√
|h|K δ(f ′(R)) ,
(4.24)
where Ef(R)µν is given in (??). Hence, we observe that imposing the additional boundary
condition (??) on f ′(R) — or equivalently, on R — makes the corrected action differen-
tiable. While one might feel uncomfortable at first by imposing boundary conditions on
functions that depend on derivatives of the metric like (??), let us stress that the intro-
duction of SMB is necessary to reproduce the correct ADM energy in the Hamiltonian
formalism as well as the right black hole entropy — i.e., one which matches the result ob-
tained with Wald’s formula — using the Euclidean semiclassical approach [?]. We observe
that f(R) theories with f ′′(R) 6= 0 have D(D − 3)/2 + 1 degrees of freedom.
Let us finally turn to the general f(Lovelock) case. We propose the following bound-
ary term
Sf(Love.) → Sf(Love.) + S˜ , where S˜ =
ε
16piG
∫
∂M
dD−1x
√
|h|
bD/2c∑
n=1
∂nf(L)Qn , (4.25)
and where Sf(Love.) is given in (??). It is straightforward to check that this reduces to SMB,
SMTZ and SGHY in the particular cases of f(R), Lovelock and Einstein gravity respectively.
After imposing the Dirichlet condition (??) on the boundary metric, the variation of this
corrected action becomes
δSf(Love.)+δS˜ =
1
16piG
∫
M
dDx
√
|g| Eµν δgµν+ ε
16piG
∫
∂M
dD−1x
√
|h|
bD/2c∑
n,m=1
∂m∂nf δLmQn ,
(4.26)
13In this case, the first to have considered this boundary term seem to have been Madsen and Barrow
in [?]. See also [?,?].
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where we have used the relation
δ(∂nf) =
bD/2c∑
m=1
∂m∂nf δLm . (4.27)
Equation (??) suggests that, in addition to the metric, we need to fix the Euler densities
at the boundary, i.e.,
δLn
∣∣∣
∂M
= 0, n = 1, . . . , bD/2c. (4.28)
However, notice that it is enough to fix the derivatives of f ,
δ (∂nf)
∣∣∣
∂M
= 0, n = 1, . . . , bD/2c, (4.29)
which is a weaker condition in general. If the Hessian matrix, Hnm = ∂n∂mf , is not
singular, i.e., if detHnm 6= 0, then the conditions (??) and (??) are equivalent. But if this
determinant is zero, then not all the conditions in (??) are independent. In fact, if r is
the rank of the Hessian matrix,
r = rankHnm , (4.30)
then there are r independent conditions. Thus, only r quantities must be fixed at the
boundary and the number of physical degrees of freedom in f(Lovelock) theory is given
by:
ndof =
D(D − 3)
2
+ r. (4.31)
With respect to GR or Lovelock gravity there are r additional degrees of freedom. De-
pending on the function, r can take values from 0 to bD/2c. In the next section we will see
that these additional degrees of freedom can be interpreted as scalar fields in an equivalent
scalar-Lovelock theory.
4.2 Equivalence with scalar-tensor theories
It is a well known fact that f(R) gravity is equivalent to a scalar-tensor theory of the
Brans-Dicke class — see e.g., [?,?]. This can be easily seen by considering an action of
the form
S =
1
16piG
∫
M
dDx
√
|g| [f(χ) + f ′(χ)(R− χ) ] . (4.32)
The equation of motion for the auxiliary field χ, f ′′(R)(R−χ) = 0, implies χ = R provided
f ′′(R) 6= 0. Substituting this back in (??), we recover the f(R) action. Now, assuming
the field redefinition φ = f ′(χ) can be inverted,14 we can rewrite (??) as
SBD =
1
16piG
∫
M
dDx
√
|g| [φR− V (φ)] , (4.33)
where V (φ) = χ(φ)φ−f(χ(φ)). This is the action of a Brans-Dicke theory with parameter
ω0 = 0.
14A sufficient condition for this is f ′′(R) 6= 0.
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The situation is slightly more sophisticated in the case of f(Lovelock) theories. In
analogy with (??), let us consider the following action containing bD/2c auxiliary scalar
fields χ1, . . . , χbD/2c,
S =
1
16piG
∫
M
dDx
√
|g|
f + bD/2c∑
n=1
∂nf · (Ln − χn)
 , (4.34)
where f = f(χ1, . . . , χbD/2c). The equations of motion for the auxiliary fields are con-
straints which relate them to the dimensionally-extended Euler densities,
bD/2c∑
n=1
∂n∂mf · (Ln − χn) = 0, m = 1, . . . , bD/2c . (4.35)
Hence, we see that if we set
Ln = χn , n = 1, . . . , bD/2c , (4.36)
(??) is satisfied and (??) reduces to the f(Lovelock) action (??). In general, however, this
will not be the only solution to (??). There are two possibilities that we explain in the
following subsections.
4.2.1 Non-degenerate case
If the Hessian matrix Hnm is non-singular, i.e., if det(Hnm) 6= 0, (??) is indeed the only
solution to the constraint equations (??), and the action (??) is equivalent to the original
f(Lovelock) one (??).
In this situation, we can perform the invertible field redefinition
φn = ∂nf(χ1, . . . , χbD/2c) , n = 1, . . . , bD/2c , (4.37)
which allows us to rewrite (??) as
S =
1
16piG
∫
M
dDx
√
|g|
bD/2c∑
n=1
φnLn − V
 , (4.38)
where15
V =
bD/2c∑
n=1
χn(φ)φn − f(χ(φ)) (4.39)
is the Legendre transform of f . This form of the action, which clearly resembles — and
generalizes — the f(R) scalar-tensor action in (??), was first noted to be related to the
f(Lovelock) action (??) in [?].
15We use the notation ‘χ’ and ‘φ’ to generically refer to the bD/2c scalars χn and the same number of
φn. For example, f(χ(φ)) stands for f(χ1(φ1, . . . , φbD/2c), . . . , χbD/2c(φ1, . . . , φbD/2c)).
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4.2.2 Degenerate case
If the Hessian matrix is singular, i.e., if det(Hnm) = 0, the system of equations (??)
is indeterminate. In particular, the space of solutions has dimension bD/2c − r, where
r = rank(Hmn). Hence, unless r = bD/2c, which corresponds to the case studied in
the previous subsection16, there are infinite solutions to (??). This is nothing but a
manifestation of the fact that we have included bD/2c− r too many scalars to account for
the actual number of physical degrees of freedom of the corresponding f(Lovelock) theory.
Let us see how we can reduce this number. It is clear that we cannot perform a Legendre
transform this time, because the Hessian matrix is singular, which implies that the change
of variables in (??) is not invertible. We can make, however, a semi–Legendre transform.
This goes as follows: let us define the fields φn as before:
φn = ∂nf(χ1, . . . , χbD/2c), n = 1, . . . , bD/2c. (4.40)
Then, there is a subset I ⊂ {1, . . . , bD/2c} of r indices such that φI = {φi}i∈I are
independent variables, in the sense that
det [(∂φi1/∂χi2)i1,i2∈I ] = det [(Hi1i2)i1,i2∈I ] 6= 0. (4.41)
Let J be the complementary set of indices, J = {1, . . . , bD/2c}−I. Now, since there must
be only r independent fields, the rest of the fields, φj , j ∈ J must depend on the formers
φI . Hence, there exist some functions gj such that
φj = gj(φI), j ∈ J. (4.42)
Then, we can consider φI ∪χJ as our set of independent variables.17 We define the semi–
Legendre transform of f as:
V˜ (φI) =
∑
i∈I
χi(φI , χJ) · φi +
∑
j∈J
χj · gj(φI)− f (χI(φI , χJ);χJ) . (4.43)
This seems to be a function of both the φI and the χJ . However, it is easy to check that
the derivative of V˜ with respect to any χJ vanishes, ∂J V˜ = 0, which implies that V˜ is
actually a function of the r fields φI alone. This allows us to rewrite the original action
(??) as
S =
1
16piG
∫
M
dDx
√
|g|
∑
i∈I
φiLi +
∑
j∈J
gj(φI)Lj − V˜ (φI)
 . (4.44)
This theory is equivalent to f(Lovelock), since we have eliminated the spurious degrees of
freedom that appeared in the original action (??). The equations of motion for the scalar
fields have now a unique solution given precisely by χn(φI) = Ln.
We see that, on general grounds, f(Lovelock) gravity is equivalent to a scalar-
Lovelock theory with r scalars, where r is the rank of the Hessian matrix of f , and whose
action is given by (??). In the case of Lovelock gravity such an analogy does not exist: the
Hessian is zero and so is the number of scalars. In appendix ??, we explicitly construct the
16Indeed, if r = bD/2c then det(Hnm) 6= 0 and the dimensionality of the space of solutions is 0, i.e.,
there is a unique solution given by (??).
17The change of variables (χn)→ (φI ;χJ) is now invertible.
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equivalent scalar-Lovelock theories for a pair of classes of f(Lovelock) theories including
both degenerate and non-degenerate subcases.
Let us finally mention that Lovelock theories have been recently proposed to be
effectively described by Einstein gravity coupled to certain p-form gauge fields [?].18 We
will not explore here how such relation might extend to the more general f(Lovelock)
scenario.
4.3 Linearized equations of motion
In this section we study the linearized equations of motion of f(Lovelock) gravity on a
general m.s.b., with particular emphasis on AdSD. On general grounds, the linearized
equations of motion of higher-derivative gravities on a m.s.b. are fourth-order in deriva-
tives. From these equations it is possible to identify, in addition to the usual spin-2 massless
graviton, a scalar field corresponding to the trace of the perturbation, as well as an addi-
tional massive spin-2 field, which generally presents an undesirable ghost-like behavior —
see e.g., [?] for a discussion. Remarkably, we find that for general f(Lovelock) gravities,
this massive graviton is absent, and the linearized equations of motion are second-order.
Further, we find that for certain non-trivial classes of theories, the extra spin-0 degree
of freedom is also absent, hence providing examples of theories for which, just like for
Einstein or Lovelock, the only dynamical perturbation on a m.s.b. is the usual massless
graviton.
An interesting motivation for constructing higher-derivative theories without the
extra spin-0 and spin-2 modes in AdSD backgrounds was made clear in [?], where the
authors observed that a particular higher-derivative theory containing a non-trivial cubic
term [?, ?] — and which is well-known now as quasi-topological gravity19 — was also
free of these extra fields.20 The reason is that holographic calculations involving graviton
propagators become easily doable for theories satisfying this property, while providing
non-trivial information about the dual CFTs. In the case of quasi-topological gravity,
these holographic studies were performed in [?].
Maximally symmetric solutions
Let us consider the following action,
S =
1
16piG
∫
M
dDx
√
|g| [−2Λ0 +R+ λf(L0,L1, . . . ,LbD/2c)] , (4.45)
i.e., we make explicit the EH and cosmological constant terms for clarity reasons. The
equation of motion is simply given by
Rµν − 1
2
gµνR+ Λ0 gµν + λ Eµν = 0 , (4.46)
where Eµν is given in (??). As anticipated, we assume our background to be maximally
symmetric, with metric g¯µν . The Riemann tensor of such spacetime is given by
R¯µναβ = Λδ
µν
αβ, (4.47)
18See also [?].
19Higher-derivative extensions of quasi-topological gravity were constructed in [?,?].
20Indeed, the linearized equations of quasi-topological gravity are identical to those of Einstein gravity
up to an overall factor [?].
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for some real constant Λ which, for AdSD, is related to the AdS radius L by Λ = −1/L2.
When λ = 0, i.e., for Einstein gravity, the maximally symmetric spacetime satisfying (??)
is a solution of the theory provided Λ is related to the cosmological constant Λ0 through
Λ =
2Λ0
(D − 1)(D − 2) . (4.48)
For non-vanishing λ, we find the following constraint equation
2Λ0 − λ f
(L¯)
(D − 1)(D − 2) = Λ−
bD/2c∑
n=1
2λn(D − 3)!
(D − 2n)! Λ
n ∂nf
(L¯) , (4.49)
where the bars mean that the corresponding quantities are evaluated on the background
metric, and where we have used the following expressions
L¯n = D!
(D − 2n)!Λ
n , E¯(n)µν = −
1
2
(D − 1)!
(D − 2n− 1)!Λ
ngµν . (4.50)
Given f and Λ0, (??) is an algebraic equation for Λ, and its solutions determine the possible
vacua of the theory. In general, some of these vacua will contain ghost-like gravitons and
will be unstable [?]. Note that this can occur even if the theory propagates only a single
graviton mode,21 like in the case of Lovelock theories. This problem can be avoided
by choosing the vacuum that reduces to the Einstein gravity one when the higher-order
couplings vanish — i.e., when λ→ 0 in the case considered here.
As we will see in section ??, the embedding equation (??) can be used to constrain
the space of allowed values for the f(Lovelock) couplings.
Linearized equations
Let us now consider a small perturbation of our background metric, gµν = g¯µν +hµν , with
hµν << 1 for all µ, ν = 0, . . . , D. At linear order in hµν , the ED and the tensors E(n)µν read
Ln = L¯n + n(D − 2)!
(D − 2n)!Λ
n−1RL , E(n)µν = E¯(n)µν +
n(D − 3)!
(D − 2n− 1)!Λ
n−1GLµν , (4.51)
where RL and GLµν are the linearized Ricci scalar and Einstein tensor respectively.22 The
following result is also necessary:
P¯
(n)µν
αβ = −
n(D − 2)!
2(D − 2n)!Λ
n−1δµναβ. (4.55)
21We thank Rob Myers for clarifying this point to us.
22The linearized Einstein tensor, Ricci tensor and Ricci scalar are given respectively by
GLαµ = g¯
ανRLµν − 1
2
δαµR
L − Λ(D − 1)hαµ . (4.52)
RLµν =
1
2
∇¯µ∇¯σhσν + 1
2
∇¯ν∇¯σhσµ − 1
2
∇¯ν∇¯µh− 1
2
2¯hµν + ΛDhµν − Λhg¯µν , (4.53)
RL = ∇¯µ∇¯νhµν − 2¯h− Λ(D − 1)h . (4.54)
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Using this information we can find the linearized version of (??). It reads
αGLµν + Λβ g¯µνR
L +
β
(D − 1)(g¯µν2¯− ∇¯ν∇¯µ)RL = 0 , (4.56)
where α and β are the following constants
α = 1 + λ
bD/2c∑
n=1
∂nf
(L¯) n(D − 3)!
(D − 2n− 1)! Λ
n−1, (4.57)
β = λ
bD/2c∑
n,m=1
∂n∂mf
(L¯) nm(D − 2)!(D − 1)!
(D − 2n)!(D − 2m)! Λ
n+m−2. (4.58)
Note that these constants are the only signature of the function f in the linearized equa-
tions. In particular, observe that when Λ = 0, i.e., for Minkowski spacetime, all sign
from the higher-curvature terms of order cubic or higher disappears from the linearized
equations.
For arbitrary values of Λ, the full linearized equation (??) in terms of hµν reads
α
[
∇¯(µ|∇¯σhσ|ν) −
1
2
∇¯ν∇¯µh− 1
2
2¯hµν + Λhµν − Λhg¯µν
]
+
+
[
g¯µν
(
Λβ − α
2
)
+
β
D − 1
(
g¯µν2¯− ∇¯µ∇¯ν)] [∇¯α∇¯βhαβ − 2¯h− Λ(D − 1)h] = 0 ,
(4.59)
and its trace is given by
[DΛβ − α(D/2− 1)] [∇¯µ∇¯νhµν − 2¯h− Λ(D − 1)h]
− Λβ(D − 1)2¯h+ β [2¯∇¯µ∇¯νhµν − 2¯2h] = 0. (4.60)
The two equations above are not particularly illuminating. However, it is already notice-
able the absence of terms of the form 2¯2hµν in (??). Such terms indicate the presence of
ghost-like massive spin-2 fields and its absence is a nice feature of this class of theories.
In order to make this statement more clear, we can exploit the ‘gauge’ symmetry of the
linearized equations under transformations of the form δhµν = ∇¯µξν+∇¯νξµ. In particular,
we choose the following (transverse) gauge
∇¯µhµν = ∇¯νh . (4.61)
In this gauge, the linearized equation (??) and its trace (??) become
α
[
1
2
∇¯µ∇¯νh− 1
2
2¯hµν + Λhµν
]
+ Λ
[
α
(D − 3)
2
− (D − 1)Λβ
]
g¯µνh (4.62)
− Λβ [g¯µν2¯− ∇¯µ∇¯ν]h = 0 .
Λ
[
β2¯+DΛβ − α(D − 2)
2
]
h = 0. (4.63)
These expressions reduce to those obtained in [?,?] and [?] in the particular cases of R2
and f(R) gravities respectively. Observe that all quartic derivatives have disappeared
from these equations. Let us now split hµν into its trace and traceless components as
hµν = hˆµν +
1
D
g¯µνh. (4.64)
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If we rewrite (??) using this new tensor we are left with the following inhomogeneous
equation
− α
2
[2¯hˆµν − 2Λhˆµν]+ [α
2
+ Λβ
] [
∇¯µ∇¯νh− g¯µν
D
2¯h
]
= 0. (4.65)
This is still not completely satisfactory, as it contains terms involving the trace. We can
however find an homogeneous equation by defining a new traceless tensor23
tµν = hˆµν − 2β
(D − 2)α
[
∇¯µ∇¯νh− g¯µν
D
2¯h
]
. (4.66)
Indeed, by using (??) and (??), one finds that tµν satisfies the equation
− α
2
[2¯tµν − 2Λtµν ] = 0. (4.67)
This is the equation for a traceless and massless spin-2 field. Hence, in f(Lovelock) theo-
ries, tµν is the tensor that represents the usual graviton. The other physical propagating
degree of freedom is of course h. Indeed, (??) is the equation of a scalar field of mass
M2 =
(D − 2)α
2β
−DΛ . (4.68)
This is of course provided β 6= 0. In such a case, when the background is AdSD, the
holographic dictionary [?, ?, ?] tells us that h is dual to a scalar operator O∆ in the
(D − 1)-dimensional boundary CFT with scaling dimension
∆ =
(D − 1)
2
+
√
(D + 1)2
4
+
α(D − 2)L2
2β
, (4.69)
where we wrote Λ = −1/L2. When β/(αL2) is small and positive, O∆ is a highly-irrelevant
positive-norm operator with ∆ ' √α(D − 2)L2/(2β). On the other hand, if β/(αL2) is
small and negative, ∆ becomes imaginary, and h is a ghost-like field with tachyonic mass
exceeding the Breitenlohner-Freedman (BF) bound [?, ?]. In that case, our f(Lovelock)
theory would automatically be unstable if we interpreted it as a complete description
rather than as an effective low energy theory.
4.3.1 Theories without dynamical scalar
Something interesting happens when β = 0. In that case, just like for Einstein, Lovelock
or quasi-topological gravities, the scalar mode is absent, and (??) just tells us that the
transverse gauge condition (??) imposes the trace to vanish, i.e., h = 0. In those cases,
the only physical field is the massless graviton tµν .
In fact, when β = 0, the full equations of motion become second order for any gauge.
Indeed, in that case (??) becomes
αGLµν = 8piGTµν , (4.70)
where we have included the stress tensor of some additional matter fields in the right-hand
side in order to stress that the overall factor α is non-trivial, as it determines the nor-
malization of Newton’s constant: Geff = G/α. Hence, we observe that for these theories,
23We follow the procedure presented in [?].
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the linearized equations are exactly the same as for Einstein gravity but with an effective
Newton constant controlled by α.
Now, interestingly enough, β = 0 does not necessarily imply λ = 0, i.e., there are
non-trivial f(Lovelock) theories satisfying (??) and for which the only propagating degree
of freedom is therefore the ususal graviton. These are characterized by the conditions
bD/2c∑
n,m=1
∂n∂mf
(L¯) nm(D − 2)!(D − 1)!
(D − 2n)!(D − 2m)! Λ
n+m−2 = 0 , ∂n∂mf
(L¯) 6= 0 , (4.71)
for some n, m. Of course, these are satisfied by infinitely many classes of f(Lovelock)
gravities. For example, theories of the form
S =
1
16piG
∫
M
dDx
√
|g| [−2Λ0 +R+ λ (RvLw2 − γR2w+v)] , (4.72)
where
γ =
v2 + 4(w − 1)w + v(4w − 1)
(v + 2w)(v + 2w − 1)
(D − 2)w(D − 3)w
Dw(D − 1)w , (4.73)
for some v, w ≥ 0, satisfy the requirements. If we choose v = w = 1, D = 4 in (??), we
find
S =
1
16piG
∫
M
d4x
√
|g|
[
−2Λ0 +R+ λ
(
RL2 − 1
9
R3
)]
. (4.74)
This is an example of a non-trivial four-dimensional cubic-order theory of gravity with
second-order linearized equations of motion and which therefore only propagates a single
massless graviton around m.s.b. The action (??) is somewhat reminiscent of critical gravity
[?], a four-dimensional quadratic-theory for which the scalar degree of freedom is also
absent, and the extra spin-2 field is massless. We stress again that all f(Lovelock) gravities
are free of such spin-2 fields, so all theories satisfying (??), like (??), have in this sense
a better behavior than critical gravity: the scalar is also absent and there is no need to
set the mass of the extra graviton to zero because there is no extra graviton at all either.
Also, recall that quasi-topological gravity exists only for D ≥ 5, and that all Lovelock
theories but Einstein gravity are trivial — or topological in the case of Gauss-Bonnet —
in four dimensions. This makes (??) — and the rest of D = 4 theories satisfying (??) —
particularly interesting and worth further study in our opinion.
4.3.2 Comments on unitarity
The propagator of hµν in any perturbatively unitary higher-curvature gravity around a
m.s.b. is equal to the propagator of a quadratic theory of the form
S =
1
16piG
∫
M
dDx
√
|g| [−2Λ0 +R+ c1R2 + c2L2] . (4.75)
In particular, the parameters of the corresponding higher-curvature theory are related to
G, Λ0, c1 and c2 above. These parameters are in turn constrained to satisfy different
inequalities in order for the theory to be unitary — essentially these come from imposing
that the effective Newton constant is positive and that the mass of the scalar mode is
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positive for dSD and greater than the BF bound for AdSD. We refer to [?] for details —
see also [?]. Observe that in all cases, the massive spin-2 graviton is absent, given that
the R2 and GB terms do not introduce it. This is unsurprising, given that such field is
generically a ghost and spoils unitarity. Hence, in general, the massless graviton and the
scalar are the only allowed degrees of freedom in a unitary theory. Whenever c1 = 0, the
scalar will also be absent, leaving us with the usual massless graviton, and nothing else.
The theories considered in the previous subsection belong to this class. For these, the
linearized equations are second-order in any gauge, as we already stressed.
The problem of classifying or identifying in full generality which higher-curvature
theories share propagator with any of the curvature-square gravities in (??) — i.e., which
of them are unitary on m.s.b. provided the appropriate constraints are satisfied — is non-
trivial in general. In [?], the authors carried out this classification for the most general
gravity theory constructed from contractions of the metric and the Riemann tensor at cubic
order in curvature and in general dimensions. Using their results, it is not difficult to check
that the three cubic f(Lovelock) terms constructed as products of ED — namely R3, RL2
and L3 — belong to this class of theories. More generally, we expect all f(Lovelock)
theories to be perturbatively unitary around m.s.b. as long as the appropriate constraints
on the couplings are satisfied. We leave a thorough exploration of this issue for future
work.
4.4 Holographic constraints on the coupling values
Holography [?, ?, ?] has become one of the main motivations for the study of higher-
derivative gravities. As mentioned in the introduction, these theories have been used to
characterize various properties of general CFTs in various dimensions — see e.g., [?,?,?,?,
?,?]. In order for a higher-derivative theory to admit a physically sensible dual description
in the holographic context, it must satisfy certain requisites. Such requisites — which have
been previously considered many times in the past, e.g., [?,?,?,?] — generically translate
into constraints on the allowed values of the gravitational couplings. The most obvious
example is the requirement that the theory admits at least one AdS vacuum — otherwise
one cannot even talk about any ‘dual theory’ ! Other considerations which in general
lead to constraints on the gravity couplings consist of asking the dual theory to respect
causality, unitarity, or certain quantum information inequalities.
In this section, we will find constraints on the allowed values of the gravitational
couplings of a particular class of f(Lovelock) theories. The first set of constraints will
come from imposing AdSD to be a solution of the corresponding theory. For the second,
we will restrict ourselves to D = 5, and we will use holographic entanglement entropy
(HEE) — see subsection ?? for details.
A particularly relevant subclass of f(Lovelock) theories which appears several times
throughout this paper is the one consisting of linear combinations of arbitrary products of
101
Chapter 4. f(Lovelock) theories of gravity
ED. In general dimensions, we have the following possibilities at each other in curvature
R,
R2, L2,
R3, RL2, L3,
R4, R2L2, RL3, L22, L4,
R5, R3L2, R2L3, RL22, RL4, L2L3, L5,
. . . (4.76)
There are 1, 2, 3, 5, 7, 11, 15, 22, 30, 42, . . . of these. Note that at p-th order in curvature,
the number of terms is given by the so-called Partition Function P (p), which counts the
number of ways in which the integer p can be written as a sum of positive integers.24 In
four and five dimensions, the most general Lagrangian density of this kind corresponds to
a linear combination of terms of the form ‘RvLw2 ’, where v , w ∈ N. It will be for this last
class of theories that we will construct the constraints.
4.4.1 AdSD embedding
As we have just anticipated, let us for now focus on the following D-dimensional subclass
of f(Lovelock) theories
Sv,w =
1
16piG
∫
M
dDx
√
|g|
[
R+
(D − 1)(D − 2)
L˜2
+ L˜(2v+4w−2)λv,wRv(L2)w
]
, (4.77)
where we have chosen the cosmological constant to be negative, Λ0 = −(D − 1)(D −
2)/(2L˜2), and where λv,w is a dimensionless coupling. When λv,w = 0, the embedding
equation for AdSD, whose metric in Poincare´ coordinates reads
ds2 =
L2
z2
[
−dt2 + dz2 + d~x2(D−2)
]
, (4.78)
simply imposes that the scale L˜ in the action is equal to the AdS radius L. Of course, as
we include additional higher order terms, this is no longer true, and the relation between
both scales depends on the new gravitational couplings. For general f(Lovelock) theories,
the corresponding embedding equation is (??). Applying it to the particular case of (??),
it becomes
1− f∞ − Cv,wfv+2w∞ λv,w = 0 , (4.79)
where
Cv,w = (−1)v−1(D − 1)w+v−1Dw+v−1(D − 2)w−1(D − 3)w(D − 2(v + 2w)) , (4.80)
and where we have defined f∞ = L˜2/L2. It is not possible to solve the above equation for
f∞ in full generality. However, it suffices for our purposes to obtain the set of values of
λv,w for which the above equation is satisfied in a physically sensible way. In particular,
24For example, for p = 4 we have 4 = 1 + 1 + 1 + 1 = 3 + 1 = 2 + 2 = 2 + 1 + 1 = 4, so P (4) = 5. P (p)
also coincides with the number of conjugacy classes of the permutation group of order p.
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we need to require f∞ to be positive and tend to one as λv,w → 0. Using (??), we can
write λv,w as a function of f∞, i.e.,
λv,w(f∞) =
1− f∞
Cv,w f
v+2w∞
. (4.81)
Now, when Cv,w > 0, (Cv,w < 0) the function λv,w(f∞) has a global minimum (maximum)
at
f∗∞ =
(2w + v)
(2w + v − 1) . (4.82)
This directly implies the following constraint on the coupling constant λv,w,
λv,w ≥ λv,w(f∗∞) , when Cv,w > 0 , (4.83)
λv,w ≤ λv,w(f∗∞) , when Cv,w < 0 ,
and where
λv,w(f
∗
∞) = −
(2w + v − 1)2w+v−1
Cv,w (2w + v)2w+v
. (4.84)
For example, if we choose v = 0, w = 1, and define λ0,1 = λGB/((D − 3)(D − 4)) —
as it is customary — (??) becomes the usual GB theory, and (??) is nothing but the
well-known constraint λGB ≤ 1/4, [?, ?, ?]. Another familiar example corresponds to
v = 2 and w = 0, which is nothing but R2 gravity. The constraint reads in that case
λ2,0 ≤ (D − 2)/(2(D − 1)(D − 4)). Interestingly, this does not impose any constraint in
four dimensions, which is a consequence of the fact that the couplings of general quadratic
gravities do not enter into the embedding equation of AdS4,
25 see e.g., [?]. Actually, we
observe that this phenomenon occurs whenever
D = 2(v + 2w) . (4.85)
This means, for example, that AdS6 is a solution of R
3 and RL2 gravities for arbitrary
values of the corresponding gravitational couplings.
4.4.2 Holographic entanglement entropy
In this subsection we will use holographic entanglement entropy (HEE) to find additional
constraints on λv,w for five-dimensional theories. Before explaining our procedure, let us
start with some essentials about entanglement entropy in the holographic context.
Consider a bipartition of the Hilbert space of some quantum system,H =HA⊗HB,
and some state ρ. The entanglement entropy (EE) is defined with respect to the reduced
state corresponding to one of the partitions, say A, obtained by tracing out the degrees of
freedom in B, ρA = TrB ρ. In particular, the EE is defined as the Von Neumann entropy of
ρA, i.e., SEE(ρA) = −Tr(ρA log ρA). In the following, we will restrict ourselves to spatial
bipartitions, meaning that A will always be a physical spatial region at a fixed time slice,
and B its complement.
In the context of holography, EE is computed using the Ryu-Takayanagi (RT) pre-
scription [?,?]. According to this, given an asymptotically AdSD spacetime dual to some
25In other words, AdS4 is a solution of general curvature-squared gravities — and R
2 in particular — as
long as L = L˜, just like for Einstein gravity. We come back to this point in section ??.
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state in the boundary theory, the HEE for a region A in the corresponding CFT is ob-
tained by extremizing the area functional of codimension-2 bulk surfaces m which are
homologous to A in the boundary (and, in particular, ∂m = ∂A). More precisely,
SRT(A) = ext
m∼A
[A(m)
4G
]
, A(m) =
∫
m
dD−2x
√
hm , (4.86)
where G is the Newton constant and hm is the determinant of the metric induced on m.
Naturally, this prescription is only valid for theories dual to Einstein gravity in the bulk.
In particular, when higher-derivative terms are introduced in the bulk theory, the area
functional in (??) must be modified to something like
S(A) = ext
m∼A
Sgrav(m) , (4.87)
where Sgrav(m) is a new bulk functional which depends on the particular higher-derivative
theory, and which reduces to (??) for Einstein gravity. Much effort has been put into trying
to identify the explicit form of Sgrav(m) for different higher-derivative bulk theories, with
remarkable success — see [?,?,?,?,?,?,?,?,?,?,?] for a non-exhaustive list of references. In
particular, a new functional consisting of a Wald-like term [?,?,?] plus corrections involving
extrinsic curvatures has been proposed to hold for general higher-derivative gravities [?].
While such proposal passes various consistency checks, certain subtleties arise [?,?,?,?]
when the theory is not Einstein, curvature-squared or Lovelock, which make it unclear
how to use this prescription in general.26
As explained in the introduction, the authors of [?] proposed (??) to be the right
formula for the gravitational entropy in f(Lovelock) theories. In that paper, the authors
were able to show that this functional satisfies an increase theorem for linearized pertur-
bations of Killing horizons. Besides, SSW reduces to the well-known JM functional for
Lovelock gravities [?] which, as already mentioned, gives rise to the right universal terms
when used to compute HEE for these theories. In [?,?], these two facts were interpreted
as evidence that SSW is in fact the right HEE functional for f(Lovelock) theories. The
results found in those papers strongly support this claim.
Our plan is to use (??) to find new constraints on the coupling values λv,w. The idea
[?] is to consider simple entangling regions for which the surface m can be parametrized as
some function g(z) of the holographic coordinate. While extremizing SSW — i.e., finding
the explicit form of g(z) — is an impracticable task in general, we do know that m must
close off smoothly at some bulk point z = zh. Hence, we can assume that g(z) admits a
series expansion around zh,
g(z) =
∞∑
i=0
ci(zh − z)α+i . (4.88)
Besides, we need to impose that g(zh) = 0 and g
′(zh) = −∞, since the tangent to the
surface will be perpendicular to the z direction at that point. These conditions imply the
constraints 0 < α < 1 and c0 > 0, which we will use to find bounds on λv,w.
Evaluating (??) for our f(Lovelock) theory (??), one finds
Sv,w =
1
4G
∫
m
d3x
√
hm
[
A+BL2Rm
]
, (4.89)
26We thank Rong-Xin Miao for useful comments about this point.
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where we defined the constants27
A = 1 + λv,w (−1)v−122v+3w−25v+w−13wv f (v+2w−1)∞ , B =
w(1−A)
3v
, (4.90)
and where Rm is the Ricci scalar associated to the induced metric on the holographic
surface m. In particular, note that for v = 0, w = 1, λ0,1 = λGB/2, (??) reduces to the
JM functional for GB gravity, i.e.,
SJM =
1
4G
∫
m
d3x
√
hm
[
1 + λGBL˜
2Rm
]
. (4.91)
In [?], new constraints on λGB were obtained using this functional for some simple entan-
gling regions following the procedure outlined above. Here we will generalize those results
to arbitrary values of v and w. A quick look at (??) and (??) shows that no bounds can
be found using this technique for theories with w = 0. The reason is that for those, the
holographic extremal surface will be the same as in Einstein gravity, so it will not depend
on the value of λv,0.
Let us start considering an entangling region consisting of a slab of width l defined by
x1 ∈ [−l/2,≤ l/2], x2 ∈ (−∞,+∞), x3 ∈ (−∞,+∞). Now, using the obvious symmetry
along the x2,3 directions, we can parametrize the holographic surface m as tE = 0, x1 =
g(z). The induced metric on this surface reads
ds2m =
L2
z2
[
(1 + g˙2)dz2 + dx22 + dx
2
3
]
, (4.92)
where we used the notation g˙ = dg(z)/dz. The Euler-Lagrange equation for g(z) obtained
from (??), reads
− 3(A− 2B)g˙ − 6(A−B)g˙3 − 3Ag˙5 + (A− 2B)g¨z + (A+ 4B)zg˙2g¨ = 0 . (4.93)
Inserting now the series expansion (??) in this equation, we find that the only value of
α compatible with the smoothness requirements is α = 1/2. Using this, we can find the
value of c0 by imposing the coefficient of the lowest order term in (??) to vanish. By doing
so, we find
c0 =
√
2(A+ 4B)zh
3A
. (4.94)
This imposes (A + 4B)/A > 0 which, after some careful calculations, gives rise to the
following constraint on λv,w
λv,w < λ
(s)
v,w , when v even , (4.95)
λv,w > λ
(s)
v,w , when v odd ,
where
λ(s)v,w =
(−1)v(5v + 4w − 5)v+2w−1
v2w+v22v+3w−23v+3w−15v+w−1
. (4.96)
and which is valid whenever v ≥ 1 and w ≥ 1. The GB case, v = 0, w = 1, is a bit special,
and one finds
λGB = 2λ0,1 > − 5
16
, (4.97)
27Note that these are related to the constant α defined in (??) through: α = A− 2B.
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in agreement with the result of [?]. For v = 0 and w > 1, no bounds on λ0,w are found.
Also, as a check of our procedure, we have verified that no bounds appear when w = 0 —
indeed, (A+ 4B)/A = 1 in that case.
Let us now consider a cylindrical entangling surface. We write the AdS5 metric as
ds2 =
L2
z2
[
dt2E + dz
2 + dρ2 + ρ2dθ2 + dx23
]
, (4.98)
and let the cylinder be defined as tE = 0, ρ ∈ [0, R], θ ∈ [0, 2pi), x3 ∈ (−∞,+∞). Again,
the symmetry of the entangling surface allows us to parametrize the holographic surface
as tE = 0, ρ = g(z). The pullback metric on such surface reads
ds2m =
L2
z2
[
(1 + g˙2)dz2 + g2dθ2 + dx23
]
. (4.99)
The corresponding Euler-Lagrange equation for g(z) reads in this case
− (1 + g˙2) [3gg˙ [A(1 + g˙2)− 2B]+ z [A− 2B + (A+ 4B)g˙2]]
+ z
[
6Bzg˙ + g(A− 2B + (A+ 4B)g˙2)] g¨ = 0 . (4.100)
From this we find again α = 1/2, and using this result we obtain the only allowed value
of c0 to be
c0 =
√
2zh
3A
[
(A+ 4B)±
√
A2 + 16B2 − 10AB
]
, (4.101)
so we are lead to impose A2 + 16B2 − 10AB ≥ 0. A careful analysis shows that the
condition that follows from this inequality reads
λv,w ≤ λ(c)v,w , when v even , (4.102)
λv,w ≥ λ(c)v,w , when v odd ,
where
λ(c)v,w =
(−1)v(−5 + 5v + 12w)v+2w−1
3w−123w+2v−25w+v−1(3v + 8w)v+2w
. (4.103)
As opposed to the slab — for which the GB case was special — this condition is the same
for all values v ≥ 0 and w ≥ 1. In particular, one finds
λGB = 2λ0,1 ≤ 7
64
, (4.104)
again in agreement with the bound found in [?]. We have checked again that no bounds
are found when w = 0, as expected.
In sum, for the family of theories (??) in five dimensions, we have found constraints
from the AdS5 embedding, and from imposing the holographic surface corresponding to a
slab and a cylindrical entangling region to close off smoothly in the bulk. Combining all
these constraints, we found the following bounds on λv,w,
λv,w(f
∗
∞) ≤ λv,w ≤ λ(c)v,w , when v even , (4.105)
λv,w(f
∗
∞) ≥ λv,w ≥ λ(c)v,w , when v odd ,
which are valid for v ≥ 1, w ≥ 1 and v = 0, w > 1. Note that these are quite
strong constraints in general. For example, one finds λ1,1(f
∗∞) = 1/270 ' 0.0037, λ(c)1,1 =
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−18/6655 ' −0.0027. Further, for larger values of v and w, the quantities λv,w(f∗∞) and
λ
(c)
v,w become increasingly smaller. In the case of Gauss-Bonnet, the bounds read instead
−5/16 ≤ λGB ≤ 7/64. Finally, recall that when w = 0, we only have the bound from the
AdSD embedding, i.e., the one given in (??).
4.5 Black hole solutions
In this section we construct analytic solutions of several f(Lovelock) theories in various
dimensions.
4.5.1 Pure f(Lovelock)
Let us start considering a f(Lovelock) theory consisting of a function of a single ED, Ln,
i.e.,
S =
1
16piG
∫
M
dDx
√
|g| f(Ln) . (4.106)
Of course, for n = 1, this reduces to f(R) gravity, whose constant R solutions were first
studied in [?]. Here we will generalize some of their results by constructing constant-Ln
solutions to (??) for arbitrary values of n. The field equations of the theory read
f ′(Ln)E(n)µν +
1
2
gµν
[Lnf ′(Ln)− f(Ln)]− 2P (n)ανλµ∇α∇λf ′ (Ln) = 0 , (4.107)
where the tensors E(n)µν and P (n)ανλµ were defined in (??). In particular, note that the
equations of motion of a pure Lovelock theory consisting of a single ED of order n plus a
cosmological constant term, i.e.,
f(Ln) = −2Λ0 + Λ1−n0 Ln , (4.108)
satisfy
E(n)µν = −Λn0gµν , which implies Ln =
2D
(D − 2n)Λ
n
0 . (4.109)
In other words, all solutions of (??) have a constant Ln proportional to the n-th power
of the cosmological constant, just like all solutions of general relativity in the absence of
matter have a constant Ricci scalar proportional to Λ0.
Now, let us see under what conditions spacetimes of constant Ln solve the general
f(Ln) equations (??). If we assume Ln to be constant, the term with the covariant
derivatives vanishes, and we are left with
f ′(Ln)E(n)µν +
1
2
gµν
[Lnf ′(Ln)− f(Ln)] = 0 , (4.110)
whose trace reads
nf ′(Ln)Ln − D
2
f(Ln) = 0 . (4.111)
Given a particular f , this is an algebraic equation which solutions of (??) are forced
to satisfy. In particular, assuming it admits a solution, (??) fixes Ln to some constant
value which we will denote L0n. Now we have two possibilities, depending on whether the
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derivative of f vanishes when evaluated on L0n. If f ′(L0n) 6= 0, we recover the pure Lovelock
field equations, while if f ′(L0n) = 0, we do not need to impose any additional condition,
because, in that case, all configurations satisfying Ln = L0n are already extremal points of
the action. Let us explain both cases in more detail.
Assume first that f ′(L0n) 6= 0. In that case, we can rewrite (??) as
E(n)µν = −Λn0,eff gµν , where Λn0,eff =
(D − 2n)
2D
L0n , (4.112)
which is nothing but the pure Lovelock equation of motion (??) with an effective cosmologi-
cal constant Λ0,eff determined by the solution of (??). Hence, any solution of pure Lovelock
plus cosmological constant, is also a constant-Ln solution of (??) provided f ′(L0n) 6= 0.
This allows, in particular, to embed all Einstein gravity plus cosmological constant solu-
tions in f(R) whenever f ′(R0) 6= 0, as explained in [?].
Static black hole solutions of pure Lovelock gravities have been previously considered
several times — see e.g., [?,?,?,?,?]. In particular, for D > 2n, a theory of the form (??)
admits the following interesting generalization of the Schwarzschild(-AdS/dS) black hole
solution [?]
ds2 = −g(r)dt2 + 1
h(r)
dr2 + r2dΩ2(D−2) , (4.113)
where
g(r) = h(r) = 1∓ r2
[
a
rD−1
+ Λn0
2(D − 2n− 1)!
(D − 1)!
]1/n
. (4.114)
In this expression, a is an integration constant which can be related to the solution’s mass,
and the + sign in front of the term in brackets is allowed only when n is even. According
to our analysis above, this is also a solution of (??) for theories satisfying f ′(L0n) 6= 0.
More precisely, using (??) we find that the solution to (??) can be written as (??) with
g(r) = h(r) = 1∓ r2
[
a
rD−1
+ L0n
(D − 2n)!
D!
]1/n
, (4.115)
where again L0n is a solution to (??). For n = 1, this reduces to the well-known f(R)
Schwarzschild(-AdS/dS) black hole [?]
g(r) = h(r) = 1− a
rD−3
− R
0
D(D − 1)r
2 . (4.116)
For general values of n, (??) and (??) describe a f(Lovelock) generalization of the Schwarzschild(-
AdS/dS) solution.
Note that if the dimension is the critical one, D = 2n, (??) is trivially satisfied
because E(D/2)µν = 0 identically. In that case, any solution of (??) — i.e., any constant-Ln
spacetime — is a solution of (??). For example, in D = 4, f(L2) always allows for a
solution with L2 = L02.
Before we turn to the f ′(L0n) = 0 case, let us make a further observation. Assuming
D > 2n, let us consider a theory of the form
f(Ln) = −2Λ0 + Λ1−n0 Ln + αΛ
1−D
2
0 L
D
2n
n , (4.117)
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for some dimensionless constant α. Interestingly, all solutions of the α = 0 theory are also
solutions of (??). This can be easily seen by imposing the α = 0 equation of motion (??)
in the equations (??) and (??) corresponding to (??). By doing so, we observe that the
terms proportional to α exactly cancel each other out. This explains, in particular, why all
solutions of Einstein gravity plus cosmological constant are also solutions of such theory
with an additional R2 term in four dimensions [?]. Hence, we observe that (??) with (??)
is also a solution of (??). The reason for this general behavior can be traced back to the
fact that LD/2nn is scale-invariant, i.e., it is preserved by a rescaling of the metric. Now, a
rescaling of the metric changes the scale of the theory. Hence, such scale cannot depend
on α.
Let us now turn to the cases for which f ′(L0n) = 0. If this happens, (??) imposes also
f(L0n) = 0 and the equations of motion (??) are automatically satisfied. This means that
spacetimes of constant-Ln are solutions of (??) when these two conditions are satisfied.
Obviously, this happens because a configuration L0n satisfying
f ′(L0n) = f(L0n) = 0 , (4.118)
is always an extremum of the action. The existence of this kind of configurations depends
on the particular theory under consideration. The simplest example is probably f(Ln) =
L2n, for which L0n = 0 is clearly an extremum of the action and therefore a solution. The
lesson is that in order to find a solution for these theories, we only need to require Ln to
be equal to the constant L0n for which (??) holds. Since this is a single scalar equation for
the metric, the number of possible solutions is huge. In particular, for an ansatz of the
form (??) with h(r) = g(r), one gets
g(r) = 1∓ r2
[
a
rD−1
+
b
rD
+ L0n
(D − 2n)!
D!
]1/n
, (4.119)
which has two integrations constants, a and b, instead of one. For n = 1, this reduces to
g(r) = 1− a
rD−3
− b
rD−2
− R
0
D(D − 1)r
2 , (4.120)
as observed in [?]. Note that for D = 4, this takes the familiar form of the Reissner-
Nordstro¨m(-AdS/dS) solution, with b playing the role of the charge squared. Observe
that this fact is accidental, and occurs only in four dimensions. In fact, it can be easily
seen that the f(Lovelock)-Maxwell system
S =
∫
M
dDx
√
|g|
[
1
16piG
f (Ln)− 1
4
FµνF
µν
]
, (4.121)
admits the following generalization of the Reissner-Nordstro¨m(-AdS/dS) solution
g(r) = h(r) = 1∓ r2
[
a
rD−1
− c
r2(D−2)
+ L0n
(D − 2n)!
D!
]1/n
, (4.122)
when f ′(L0n) 6= 0, where L0n is again a solution of (??) and where c is a constant related to
the electric charge. Comparing (??) with (??), we see that only when D = 4 the exponents
of the terms proportional to b and c respectively are equal.
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If one considers the general ansatz (??) with two unknown functions, the system is
underdetermined, since we only have one equation. For example, let us consider f(L2) =
L22 in D = 4. In this theory, a family of solutions is given by L2 = 0. Assuming the ansatz
(??), we get the following equation for g and h
h(r)1/2 [h(r)− 1]
g(r)1/2
dg(r)
dr
= c1 (4.123)
where c1 is an integration constant. Choosing one of the functions at will, one can find the
other by solving the above equation. This approach was followed, e.g., in [?] to construct
solutions to pure R2 gravity.28
4.5.2 General f(Lovelock)
In the previous subsection, we restricted ourselves to the case of f(Lovelock) theories
consisting of functions of a single ED. Let us now explore what the situation is when
one considers a function which depends on all the non-vanishing ED’s, f(L1, ...,LbD/2c).
Just like we were able to embed all solutions of the pure Lovelock Lagrangian (??) in
f(Ln), we would like to embed solutions of the general Lovelock action (??) in the general
f(Lovelock) one (??). A simple argument shows that, in general, f(Lovelock) theory does
not contain all solutions of Lovelock. The reasoning goes as follows. Assume that all
solutions of the Lovelock equations (??) are also solutions of f(Lovelock) theory (??).
Then, the ED associated to these metrics satisfy the trace equation
bD/2c∑
n=0
λnΛ
1−n
0
(
n− D
2
)
Ln = 0 , (4.124)
but now, assume that these metrics also solve (??). Then, (??) should reduce to (??)
whenever (??) is satisfied. This implies, in particular, that all the partial derivatives of f
evaluated on the solution must be constant, which of course is not true for arbitrary func-
tions f(L1, ...,LbD/2c). Hence, we observe that, on general grounds, solutions of Lovelock
gravity are not embeddable in f(Lovelock) unless f is chosen in an appropriate way —
like we did in the previous section by making it depend on a single ED.
We claim that the most general f(Lovelock) theory whose solutions include all the
Lovelock theory ones is given by a function of the form
f(L1, ...,LbD/2c) = α
bD/2c∑
n=0
λnΛ
1−n
0 Ln +
bD/2c∑
n=0
λnΛ
1−n
0
(
n− D
2
)
Ln
2 f˜(L1, ...,LbD/2c) ,
(4.125)
where α is a constant and f˜ is an arbitrary function such that its derivatives are non-
singular when the squared quantity is zero.
4.5.3 A critical black hole in f(R,L2)
As we have seen, finding black solutions to f(Lovelock) theories involving more than one
ED seems to be a difficult challenge. An exception is, of course, the case in which f
28See also, e.g., [?], where certain aspects of AdS black holes in pure curvature-squared gravities where
considered.
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is a linear combination of ED, corresponding to general Lovelock theories — see e.g.,
[?,?,?,?,?,?]. A possible simplification that has been often considered in the literature for
other higher-derivative gravities — see e.g., [?,?], consists of fixing some of the couplings of
the theory to particular values which allow for solutions which would not exist otherwise.
We will explore this approach here. In particular, let us consider the following f(R,L2)
theory — whose general equations of motion are specified in appendix ?? — consisting of
the standard Einstein-Hilbert action plus certain higher-order corrections
S =
∫
M
dDx
√−g
16piG
[
R+
(D − 1)(D − 2)
L˜2
+ αL˜2R2 + βL˜2L2 + γL˜4RL2 + δL˜6L22
]
,
(4.126)
where α, β, γ and δ are dimensionless constants, and where we have chosen the cosmo-
logical constant to be negative and determined by some length scale L˜. If the coupling
parameters satisfy
α =
1
4(D − 1)(D − 2) , β =
λ
(D − 2)(D − 3) , γ = 2αβ , δ = αβ
2 , (4.127)
then (??) allows for the following solution
ds2 = −g(r)dt2 + 1
g(r)
dr2 + r2dΩ2(D−2) , (4.128)
with
g(r) = 1 +
r2
2λL˜2
[
1−
√
1− 4λ
(
2D − 4
D
− c1
rD−1
+
c2
rD
)]
, (4.129)
where c1 and c2 are integration constants. This solution describes an asymptotically AdSD
black hole as long as the constants are chosen so that g(r) > 0 for all r > rh and g(rh) = 0
for some positive value of r.
The reason why the election of parameters in (??) allows for this solution is not very
mysterious. In fact, (??) makes the Lagrangian in (??) become a perfect square,
f(R,L2) = (D − 1)(D − 2)
L˜2
[
1 +
L˜2R
2(D − 1)(D − 2) +
λL˜4L2
2(D − 1)(D − 2)2(D − 3)
]2
,
(4.130)
which implies that any configuration satisfying f(R,L2) = 0 also satisfies ∂1f(R,L2) =
∂2f(R,L2) = 0 and is therefore a solution of the corresponding equations of motion.
When λ = 0, all the higher-derivative terms in (??) but the R2 one disappear and
(??) takes the form of (??), i.e.,
g(r) = 1− a
rD−3
− b
rD−2
+
r2
L˜2
, (4.131)
as observed in [?]. In [?,?], the thermodynamic properties of various black hole solutions of
(??) with λ = 0 were studied. As observed there, while some of the solutions correspond to
regular black holes with finite horizons, amusingly enough, they always possess vanishing
entropy and mass. The reason is that both the on-shell action — including boundary
terms — and the Wald entropy involve factors of either f(R) or f ′(R), which vanish for
these configurations, as we have just seen. In the case λ 6= 0, the situation is exactly the
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same. In particular, the action, the boundary term we have proposed in (??) — necessary
to compute the on-shell action — and the entropy functional of [?] — see (??) — vanish
on-shell for configurations of this kind. The physical interpretation of these solutions is
unclear to us.
4.6 Final comments and perspectives
In this paper we have developed several aspects of f(Lovelock) theories. A summary
of our main findings was already provided in section ??, so we will not repeat it here.
However, let us comment on some additional directions which would be worth exploring
in the future.
Note that we have followed a metric approach to f(Lovelock) theories. However,
higher-derivative gravities can in general be studied using other methods. This is the case,
for example, of the Palatini and metric-affine formalisms, in which the connection and the
metric are regarded as independent fields. These formulations have been explored in the
cases of f(R) and Lovelock gravities — see e.g., [?, ?, ?, ?], and it would be natural to
extend them to the more general f(Lovelock) framework.
Another basic aspect omitted in this paper that has been often considered in the
cases of f(R) [?,?,?,?] and Lovelock [?,?,?,?,?,?]29 and which could be studied for general
f(Lovelock) theories is the Hamiltonian formulation.
We also think that it would be interesting to explore how our results on the absence
of massive gravitons on m.s.b. for f(Lovelock) theories extend to less symmetric back-
grounds. We already mentioned in the introduction that most of the previous studies on
f(Lovelock) theories were performed in the context of cosmology. It has been in this area
that such explorations have been already pursued for certain cosmological backgrounds in
the case of f(R,L2) theories [?,?]. The theories studied in section ?? seem to be particu-
larly relevant in this respect, as they only propagate the usual graviton on m.s.b. It should
be possible to clarify whether this property extends to other backgrounds, and what the
implications of these results are.
Obviously, constructing additional analytic solutions to these theories and studying
their properties would also be a very interesting task, although a challenging one in general.
Let us remark that some hope might exist for the class of theories constructed in subsection
??, for which the linearized equations of motion are second-order. In fact, the very same
happens for quasi-topological gravity and in that case analytic black hole solutions were
built in [?] in spite of the higher-derivative and non-topological character of the theory.
A perhaps more doable task which we have somewhat overlooked here would consist in
studying the regularity conditions and thermodynamic properties of the f(Ln) black holes
constructed in section ??.
Let us finally mention that, as far as we know, f(Lovelock) theories have only been
considered within the holographic context in [?, ?] — rather successfully in that case.
It would be interesting to start considering them more often as holographic toy models.
This is particularly so for the class of theories constructed in ??. For these, all holographic
calculations involving the graviton propagator could be easily performed, given that the
29In fact, this is a subtle topic in the case of Lovelock gravity, the reason being that, in a standard
approach, momenta are generically multivalued functions of the time derivatives of the metric, making the
Hamiltonian approach ill-defined.
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only effect of the higher-derivative terms is a change in the normalization of the Newton
constant.30 For instance, the coefficient characterizing the stress-tensor two-point function
CT — see e.g., [?] for definitions — in holographic theories dual to f(Lovelock) gravities
satisfying (??) would be given by
CT =
1 + λ bD/2c∑
n=1
∂nf
(L¯) n(D − 3)!
(D − 2n− 1)! Λ
n−1
CET , (4.132)
where CET is the central charge corresponding to Einstein gravity — see e.g., [?]. We leave
for future work to further develop the holographic aspects of these theories.
30We thank Rob Myers for this remark.
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A
Summary of relations for the generic d = 8 theory
A.1 Ungauged, massless Abelian theory
Field strengths
F I = dAI . (A.1)
Hm = dBm − dmIJF IAJ , (A.2)
Gi = dCi + diI
mF IBm − 13diImdmJKAIF JAK , (A.3)
H˜m = dB˜m + diI
mCiF
I + dmnpBn(Hp + ∆Hp) +
1
12d
i
I
mdiJ
nAIJ∆Hn , (A.4)
F˜I = dA˜I + 2dmIJA
J(H˜m − 12∆H˜m)−
(
diI
mBm − 13diJmdmIKAJK
)
(Gi − 12∆Gi)
−13
(
diI
mdmJK − diKmdmIJ
)
F JAKCi − dmnpdmIJAJBnHp
+ 124
(
diK
mdiL
ndmIJ + 2d
i
[I|mdi|K]ndmJL
)
F JAKLBn +
1
24d
i
J
mdiK
ndmILA
JKLdBn
− 1180diLndiQmdmIJdnPKAJKLQFP . (A.5)
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Bianchi identities
dF I = 0 , (A.6)
dHm = −dmIJF IJ , (A.7)
dGi = diI
mF IHm , (A.8)
dH˜m = diI
mGiF
I + dmnpHnp , (A.9)
dF˜I = 2dmIJF
JH˜m + diI
mGiHm , (A.10)
dKA = TA
I
JF
J F˜I + TA
m
nH˜
nHm − 12TAijGij . (A.11)
Duality relations
?Gi = ΩijWjkGk , or G+a = −N ∗abGb+ , (A.12)
?H˜m = MmnHn , (A.13)
?F˜I = −MIJF J , (A.14)
?KA = −j(σ)A , (A.15)
?L] = −∂V
∂c]
. (A.16)
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A.2 Gauged theory
Field strengths
F I = dAI − 12XJ IKAJK + ZI mBm , (A.17)
Hm = DBm − dmIJdAIAJ + 13dmMIXJMKAIJK + ZimCi , (A.18)
Gi = DCi + diIn
[
F IBn − 12ZI pBnBp + 13dnJKdAJAKI
+ 112dnMJXK
M
LA
IJKL
]− ZimH˜m , (A.19)
H˜m = DB˜m − diImF ICi + dmnpBn
(
Hp + ∆Hp − 2ZipCi
)
+dmIJKdA
IdAJAK
+
(
1
12diJ
mdiK
ndnIL − 34dmIJMXKML
)
dAIAJKL
+
(
3
20d
m
NPMXI
N
J − 160diMmdiIndnPJ
)
XK
P
LA
IJKLM
+ZImA˜I . (A.20)
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Bianchi identities
The Bianchi identities satisfied by the field strengths of the gauged theory are B(·) = 0
where
B(LAI) = −
[
DLAI + F IKA +W IAβMβ
]
, (A.21)
B(LIm) = −
[
DLIm + F˜IHm +WImβMβ
]
, (A.22)
B(Lim) = −
[
DLim +GiH˜m +W imβMβ
]
, (A.23)
B(KA) = DKA − TAIJF J F˜I − TAmnH˜nHm + 12TA ijGij − YA]L] , (A.24)
B(F˜I) = −
[
DF˜I − 2dmIJF JH˜m − diImGiHm + 2dmIJKF JKHm + ϑIAKA
]
,(A.25)
B(H˜m) = −
[
DH˜m + diImF IGi − dmnpHnp − dmIJKF IJK − ZImF˜I
]
, (A.26)
B(Gi) = −
[
DGi − diImF IHm + ZimH˜m
]
, (A.27)
B(Hm) = −
[DHm + dmIJF IJ − ZimGi] , (A.28)
B(F I) = − [DF I − ZImHm] , (A.29)
B(DM) = − [DDM+ F IϑIAδAM] , (A.30)
B(c]) = Dc] , (A.31)
B(Qβ) = Qβ . (A.32)
Here ] labels the deformation parameters and β the constraints, as discussed in Sections ??
and ??.
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Identities of Bianchi identities
DB(F I)− ZImB(Hm) = 0 , (A.33)
DB(Hm)− 2dmIJF IB(F J) + ZimGi = 0 , (A.34)
DB(Gi)− diIm
[B(Hm)F I +HmB(F I)]− ZimB(H˜m) = 0 , (A.35)
DB(H˜m)− diIm
[B(Gi)F I +GiB(F I)]+ 2dmnpB(Hn)Hp
−3dmIJKB(F I)F JK + ZImB(F˜I) = 0 , (A.36)
DB(F˜I) + 2dmIJ
[
B(H˜m)F J + H˜mB(F J)
]
+diI
m
[B(Gi)Hm +GiB(Hm)]
−3dmIJK
[
2B(F J)FKHm + F JKB(Hm)
]
+ ϑI
AB(KA) = 0 , (A.37)
DB(KA) + TAIJ
[
B(F J)F˜I + F JB(F˜I)
]
+TA
m
n
[
B(H˜n)Hm + H˜nB(Hm)
]
+ TA ijG
iB(Gj) + YA]B(L]) = 0 . (A.38)
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B
Summary of relations for the SO(3)-gauged
N = 2, d = 8 supergravity
B.1 Field strengths
Dφx = dφx −Aimvikmx , (B.1)
F im = dAim + 12
mnpvjA
jnAip + viBm , (B.2)
Hm = DBm + 12mnpijdAinAjp − 14viAim(AA) , (B.3)
Gi = dCi + F imBm +
1
6mnpjkdA
jnAimAkp − vi [12BmBm − 132(AA)2] , (B.4)
H˜m = DB˜m + ijF imCj + 12mnpBn (Hp + ∆Hp)
+ 124pqrijkldA
ipAjqAkrAlm + 1160viA
im(AA)2 + viA˜im , (B.5)
F˜im = DA˜im − ijmnpF jnB˜p − ijHmCj − viBmBnBn − 12ij∆F jnBmBn
+ 124iljj′kk′mnpqrsdA
jqAj
′rAksAk
′nAlp + 116ijvkmnpA
jnAkp(AA)2
−viDm , (B.6)
Km = DDm + . . . , (B.7)
Ka = DDa + . . . , (B.8)
Kα = dDα + . . . , (B.9)
where the SO(3)-covariant derivatives that appear in these expressions are
DBm = dBm + mnpviAinBp , DB˜m = dB˜m + mnpviAinB˜p . (B.10)
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and where we have used the shorthand notation
∆Hm = Hm −DBm , (AA) = ijAimAjn . (B.11)
B.2 Bianchi identities
The Bianchi identities satisfied by the field strengths of the gauged theory are B(·) = 0
where
B(Lnim) = −
[
DLnim + F imKn +W imnβMβ
]
, (B.12)
B(Laim) = −
[
DLaim + F imKa +W imnβMβ
]
, (B.13)
B(Limn) = −
[
DLimn + 2F˜i(mHn) +WimnβMβ
]
, (B.14)
B(Km) = DKm − Tmnp
[
F ipF˜in + H˜
pHn
]
, (B.15)
B(Ka) = DKa − Tanp
[
F ipF˜in + H˜
pHn − viLipn + viδmpLimn
]
, (B.16)
B(Kα) = dKα − Tαij
[
F jmF˜im +
1
2G
jGi − viδmnLjnm + vjδmnLimn
]
,(B.17)
B(F˜im) = −
[
DF˜im + mnpijF jnH˜p + ijGjHm + viKm
]
, (B.18)
B(H˜m) = −
[
DH˜m − ijF imGj − 12mnpHnHp − viF˜im
]
, (B.19)
B(Gi) = − [dGi − F imHm] , (B.20)
B(Hm) = −
[DHm − 12mnpijF imF jn] , (B.21)
B(F im) = − [DF im − viHm] , (B.22)
B(DMmn) = −
[DDMmn + 2viF ipp(mqMn)q] , (B.23)
B(dWij) = −ddWij , (B.24)
where the SO(3)-covariant derivatives with indices m are identical to those of Bm and B˜
m
in Eq. (??)
DKa = dKa − viAimfmabKb . (B.25)
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B.3 Identities of Bianchi identities
DB(F im)− viB(Hm) = 0 , (B.26)
DB(Hm) + ijmnpF inB(F jp) = 0 , (B.27)
DB(Gi)− ij
[B(Hm)F j +HmB(F jm)] = 0 , (B.28)
DB(H˜m)− ij
[B(Gi)F jm +GiB(F jm)]+ mnpB(Hn)Hp + viB(F˜im) = 0 , (B.29)
DB(F˜im) + ijmnp
[
B(H˜n)F jp + H˜nB(F jp)
]
+ij
[B(Gj)Hm +GjB(Hm)]+ viB(Km) = 0 , (B.30)
DB(Km) + mnp
[
B(F in)F˜ip + F inB(F˜ip)
]
−mnp
[
B(H˜n)Hp + H˜nB(Hp)
]
= 0 . (B.31)
DB(Ka) + TAmn
[
B(F in)F˜im + F inB(F˜im)
]
+Ta
m
n
[
B(H˜n)Hm + H˜nB(Hm)
]
−viTamnB(Lnim)− vifmabB(Lbim) + viTamnB(Limnn) = 0 . (B.32)
DB(Kα) + Tαij
[
B(F jm)F˜im + F jmB(F˜im)
]
+ Tα ijG
iB(Gj)
+Tα ijv
jB(Lmim) + TαijvjB(Limm) = 0 . (B.33)
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B.4 Duality relations
?Gi = ijWjkGk , (G2 = G˜ ≡ e−ϕ ? G+ aG) , (B.34)
H˜m = Mmn ? Hn , (B.35)
F˜im = WijMmn ? F jn , (B.36)
Km = − ? j(σ)m , (B.37)
Ka = − ? j(σ)a , (B.38)
Kα = − ? j(σ)α , (B.39)
Ln
im = ?
∂V
∂ϑimn
, (B.40)
La
im = ?
∂V
∂ϑima
, (B.41)
Limn = ?
∂V
∂Zimn
. (B.42)
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f (R,L2) equations of motion in general dimensions
In this appendix we write down the equations of motion of f(R,L2) theories in general
dimensions. Observe that this is the most general f(Lovelock) theory in four dimensions
— the remaining ED identically vanish in that case. We need to compute the quantities
appearing in (??). The tensor E(1)µν is just the Einstein tensor:
E(1)µν = Rµν −
1
2
Rgµν , (C.1)
while
P
(1)µν
αβ = −
1
2
δµναβ . (C.2)
Now, if D = 4, E(2)µν = 0, while for D ≥ 5 ,
E(2)µν = 2RRµν − 4RµρRρν + 2RαβρµRαβρν − 4RµρνσRρσ . (C.3)
Finally, we have
P
(2)µν
αβ = −δµναβR+ 8δ[µ[αR
ν]
β] − 2Rµναβ , (C.4)
which is also valid in four dimensions. Using this information we can write the equations
of motion for D = 4 and D ≥ 5 theories respectively as
∂f
∂R
Rµν − 1
2
[
f − L2 ∂f
∂L2
]
gµν + (gµν2−∇µ∇ν) ∂f
∂R
−
− 4
[
Gµν2+ 1
2
R∇µ∇ν − 2Rα(µ∇ν)∇α + (gµνRαβ +Rµαβν)∇α∇β
]
∂f
∂L2 = 0 .
(C.5)
∂f
∂R
Rµν +
∂f
∂L2
[
2RRµν − 4RµρRρν + 2RαβρµRαβρν − 4RµρνσRρσ
]
− 1
2
[
f − L2 ∂f
∂L2
]
gµν + (gµν2−∇µ∇ν) ∂f
∂R
−
− 4
[
Gµν2+ 1
2
R∇µ∇ν − 2Rα(µ∇ν)∇α + (gµνRαβ +Rµαβν)∇α∇β
]
∂f
∂L2 = 0 .
(C.6)
Observe that these equations reduce to the corresponding f(R) equations of motion when
∂2f = 0. Notice also that a linear term in L2 gives no contribution in D = 4 while it does
for D ≥ 5 theories, as expected. The trace of these equations can be written as
∂f
∂R
R+ 2
∂f
∂L2L2 −
D
2
f + (D − 1)2 ∂f
∂R
+ (D − 3)(2R2− 4Rµν∇µ∇ν) ∂f
∂L2 = 0 , (C.7)
which is a valid expression for D ≥ 4.
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D
Examples of equivalent scalar-tensor theories
In this appendix we explicitly compute the equivalent scalar-tensor theories for a couple
of classes of f(Lovelock) theories. The fist example consists of the most general sum of
quadratic functions of ED in D = 4. In the second, we consider a single f(Lovelock) term
consisting of a general product of ED in arbitrary dimensions.
Quadratic function
The most general f(Lovelock) action containing the usual EH and a negative cosmological
constant terms plus quadratic linear combinations of ED in four dimensions reads
S =
1
16piG
∫
M
d4x
√
|g| f(R,L2) , (D.1)
where
f(R,L2) = 6
L˜2
+R+ αL˜2R2 + βL˜4RL2 + γL˜6L22 , (D.2)
and where α, β and γ are dimensionless constants. The Hessian matrix of f(R,L2) reads
in this case:
H(f) =
(
2αL˜2 βL˜4
βL˜4 2γL˜6
)
. (D.3)
Leaving the trivial case α = β = γ = 0 aside, we see that:
rank(H) =
{
2 if 4αγ − β2 6= 0 ,
1 if 4αγ − β2 = 0 . (D.4)
Hence, according to our analysis in the main text, in the first case we need to introduce
two scalars, while in the second it is enough with a single one. We have the function
f(φ1, φ2) =
6
L˜2
+ φ1 + αL˜
2φ21 + βL˜
4φ1φ2 + γL˜
6φ22 . (D.5)
Then we define
ϕ1 =
∂f
∂φ1
= 1 + 2αL˜2φ1 + βL˜
4φ2 , (D.6)
ϕ2 =
∂f
∂φ2
= βL˜4φ1 + 2γL˜
6φ2 . (D.7)
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If 4αγ − β2 6= 0 then these fields are independent. The Legendre transform of f reads
V˜ (ϕ1, ϕ2) = − 6
L˜2
+
1
L˜6(4αγ − β2)
(
γL˜4(ϕ1 − 1)2 − βL˜2(ϕ1 − 1)ϕ2 + αϕ22
)
. (D.8)
Therefore, the equivalent scalar-tensor theory is
S′ =
1
16piG
∫
M
d4x
√
|g|
[
6
L˜2
+ ϕ1R+ ϕ2L2 − γL˜
4(ϕ1 − 1)2 − βL˜2(ϕ1 − 1)ϕ2 + αϕ22
L˜6(4αγ − β2)
]
.
(D.9)
Of course, this does not work if 4αγ−β2 = 0. In that case, the quadratic term is a perfect
square of the form
S =
1
16piG
∫
M
d4x
√
|g|
[
6
L˜2
+R+ λL˜2(R+ cL˜2L2)2
]
, (D.10)
where c is some unimportant constant. We find that this is equivalent to the following
scalar-tensor theory with one single scalar ϕ
S′ =
1
16piG
∫
M
d4x
√
|g|
[
6
L˜2
+ ϕR+ ϕcL˜2L2 − (ϕ− 1)
2
4λL˜2
]
. (D.11)
General product of ED
Let us consider now the following action:
S =
1
16piG
∫
M
dDx
√
|g|
[
−2Λ0 +R+ λ
n∏
i=1
Lvipi
]
, (D.12)
where {pi}ni=1 ⊂ {1, 2, . . . , bD/2c} and vi ∈ Z − {0} are non-zero exponents. This action
contains a rather generic f(Lovelock) term, namely, one consisting of a product of ED.
Let us also assume that p1 = 1, so there is a power of R in the product. The Hessian
matrix of f(L) = −2Λ0 +R+ λ
∏n
i=1 Lvipi reads
Hij = (vivj − viδij)
λ
∏n
i=1 Lvipi
LpiLpj
, (D.13)
whose rank can be seen to be given by
r =
{
n if
∑n
i=1 vi 6= 1,
n− 1 if ∑ni=1 vi = 1. (D.14)
The second case can happen if we allow the exponents to be non-integer or if some of them
are negative. In the first case we can compute the Legendre transform of the function
f(χ1, . . . , χn) = −2Λ0 + χ1 + λ
∏n
i=1 χ
vi
i . The transformed fields are
φ1 = ∂1f(χ) = 1 +
v1λ
χ1
n∏
j=1
Lvjpj , φi = ∂if(χ) =
viλ
χi
n∏
j=1
Lvjpj , i > 1, (D.15)
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so we find:
V˜ (φ) = 2Λ0 + (s− 1)λ
1
1−s
(
φ1 − 1
v1
) v1
s−1 n∏
j=2
(
φj
vj
) vj
s−1
, (D.16)
where s =
∑n
i=1 vi. Therefore, this theory is equivalent to
S′ =
1
16piG
∫
M
dDx
√
|g|
−2Λ0 + n∑
i=1
φiLpi − (s− 1)λ
1
1−s
(
φ1 − 1
v1
) v1
s−1 n∏
j=2
(
φj
vj
) vj
s−1
 .
(D.17)
If s = 1, the Legendre transform is constant V˜ = 2Λ0, and we have the constraint(
φ1 − 1
v1
)v1 n∏
i=2
(
φi
vi
)vi
= λ, (D.18)
from which we can extract, for example, φn as a function of the rest of the fields:
φn = (1− s′)λ
1
1−s′
(
φ1 − 1
v1
) v1
s′−1 n−1∏
j=2
(
φj
vj
) vj
s′−1
, (D.19)
where now, s′ =
∑n−1
i=1 vi. Hence, in the case in which s = 1 — which means that f is
a homogeneous function of degree 1 — the theory is equivalent to the following scalar-
Lovelock theory with n− 1 scalar fields and without scalar potential
S′ =
1
16piG
∫
M
dDx
√
|g|
−2Λ0 + n−1∑
i=1
φiLpi + (1− s′)λ
1
1−s′
(
φ1 − 1
v1
) v1
s′−1 n−1∏
j=2
(
φj
vj
) vj
s′−1 Lpn
 .
(D.20)
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Resumen
Esta tesis se enfoca en el estudio de varios aspectos de las teor´ıas de supergravedad
gaugeada en 8 dimensiones y ciertas gravedades de orden superior. Las teor´ıas de su-
pergravedad corresponden a l´ımites de baja energ´ıa de las teor´ıas de cuerdas, las cuales se
construyeron con el objetivo de unificar las cuatro fuerzas fundamentales de la Naturaleza
bajo un u´nico marco teo´rico. Actualmente se busca confirmar experimentalemente la ex-
istencia de part´ıculas supersime´tricas, la existencia de estas part´ıculas resuelve algunos
de los problemas de los modelos actuales. Su descubrimeinto, har´ıa que alguna de las
supergravedades sea una teor´ıa va´lida para describir el universo en que vivimos.
En este contexto, estudiar las teor´ıas de supergravedad ma´s generales en diferentes
dimensiones es de vital importancia para describir la Naturaleza. Considerando que las
teor´ıas que describen las interacciones que conocemos son teor´ıas gauge, se esperar´ıa que
la teor´ıa que unifica todas las interacciones tambie´n lo sea y, dentro del contexto de esta
tesis, que sea una teor´ıa de supergravedad gaugeada.
La cuantizacio´n de la Relatividad General no da como resultado una teor´ıa cua´ntica
renormalizable, lo que nos impide conocer co´mo se comporta la gravedad a altas energ´ıas
y cortas distancias. Sin importar cua´l sea la teor´ıa gravitatoria completa en el l´ımite ultra-
violeta, la accio´n efectiva de la teor´ıa debera´ contener te´rminos con derivadas superiores
que involucran contracciones del tensor de Riemann y sus derivadas covariantes. La teor´ıa
de cuerdas predice la aparicio´n de te´rminos de este tipo, los cuales agregan correcciones a
la accio´n de Einstein Hilbert.
En esta tesis se recopilan los resultados obtenidos en las publicaciones [?,?,?].
En [?] construimos la jerarqu´ıa tensorial de las teor´ıas de campos boso´nicas en 8
dimensiones ma´s generales con simetr´ıa gauge. Primeramente estudiamos la forma de la
teor´ıa ma´s general con simetr´ıa gauge abeliana. Una vez construida la teor´ıa abeliana, pro-
cedemos a estudiar, usando el formalismo del embedding tensor, los gaugeos ma´s generales
de las simetr´ıas de la teor´ıa y sus posibles deformaciones masivas.
En [?] estudiamos la supergravedad maximal gaugeada en 8 dimensiones. En-
foca´ndonos en los gaugeos SO(3), analizamos todos los posibles campos gauge y constru-
imos expl´ıcitamente las acciones boso´nicas. Estudiamos la relacio´n entre la supergravedad
gaugeada en 8 dimensiones construida por Salam y Sezgin [?] a partir de la reduccio´n
dimensional generalizada de la supergravedad en 11 dimensiones, y la teor´ıa construida en
Alonso-Alberca et al. [?], a trave´s de la reduccio´n dimensional simple de la supergravedad
masiva en 11 dimensiones propuesta por Meessen y Ort´ın en [?].
En [?] estudiamos algunos aspectos the las teor´ıas f(Lovelock) en d dimensiones.
Estas teor´ıas son generalizaciones de las teor´ıas f(R) y Lovelock, donde la accio´n gravita-
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cional depende de alguna funcio´n arbitraria de las densidades de Euler en d dimensiones.
Demostramos que estas teor´ıas son equivalentes a ciertas teor´ıas tipo escalar-tensor, es-
tudiamos las ecuaciones linealizadas de la teor´ıa en vac´ıos maximalmente sime´tricos, y
estudiamos las restricciones de los acoplos de una familia de teor´ıas f(Lovelock) en 5 di-
mensiones usando la entrop´ıa de entrelazamiento hologra´fica. Finalmente, se presentan
algunas soluciones nuevas de agujeros negros en varias dimensiones.
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En el cap´ıtulo ?? hemos construido expl´ıcitamente, siguiendo el procedimiento detallado
en [?] [?], la teor´ıa ma´s general en 8 dimensiones con simetr´ıas gauge y con un ma´ximo de
dos derivadas. Hemos construido las intensidades de campo (hasta las 6-formas), todas las
identidades de Bianchi, las relaciones de dualidad que satisfacen las intensidades de campo
(hasta las 9-formas) y las ecuaciones de movimiento de los campos fundamentales. Hemos
demostrado que esta´n caracterizadas por un conjunto pequen˜o de tensores invariantes (el
d-tensor, el tensor de embedding ϑ y las deformaciones masivas Z) que satisfacen ciertas
restricciones. Tales restricciones son relaciones tanto entre ellos, como con las constantes
de estructura y los generadores del grupo de simetr´ıa global. Hemos encontrado que las
identidades de Bianchi que satisfacen las intensidades de campo de las 6-formas (duales
a la corriente generalizada de Noether-Gaillard-Zumino) tienen la forma descrita en [?]
aunque es muy complicado encontrar la forma expl´ıcita de las intensidades de campo de
las 6-formas en te´rminos de los potenciales resolviendo las identidades de Bianchi.
Hemos construido una accio´n de la cual se pueden derivar todas las ecuaciones de
movimiento a excepcio´n de las ecuaciones correspondientes a los potenciales (1-formas)
debido a que identificar los numerosos te´rminos que contienen u´nicamente a las 1-formas
es extremadamente complicado y tedioso. Estos resultados se pueden aplicar a cualquier
teor´ıa en 8 dimensiones que contenga campos escalares y p-formas, d-tensores que definan
las interacciones de Chern-Simons y un grupo global de simetr´ıa, como la supergravedad
maximal en 8 dimensiones.
En el cap´ıtulo ??, usando los resultados generales obtenidos en el cap´ıtulo ?? [?],
hemos construido expl´ıcitamente una familia uniparame´trica de supergravedades max-
imales SO(3) gaugeadas que interpolan entre la supergravedad de Salam y Sezgin [?]
y la supergravedad AAMO [?], calculando las distintas posibilidades que se mencionan
en [?] [?]: para cada valor de un para´metro una combinacio´n diferente de los dos tripletes
de 1-formas (el uno proveniente de la me´trica 11-dimensional y el otro de la 3-forma 11-
dimensional) juega el papel de triplete de vectores gauge. La existencia de esta familia
confirma la identificacio´n de la teor´ıa AAMO con una supergravedad 8-dimensional “hon-
esta” maximal, con grupo gauge SO(3), a pesar de su origen no convencional: la super-
gravedad massiva 11-dimensional propuesta en [?]. Adema´s, esto prueba su relacio´n con
la teor´ıa de Salam-Sezgin a trave´s de una transformacio´n SL(2,R), algo que en principio
hubiera sido muy complicado de calcular directamente.
Nuestros resultados dejan algunas inco´gnitas sin resolver: ¿cua´l es el origen 11-
dimensional de todas las teor´ıas en esta familia si insistimos en usar el mismo “ansatz” de
compactificacio´n?
Un elemento importante en las supergravedades gaugeadas que hemos construido
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es el potencial escalar, el cual no esta´ determinado por la jerarqu´ıa tensorial, que so´lo
le impone restricciones. En una teor´ıa de supergravedad cualquiera (excepto la super-
gravedad N = 1, d = 4) el potencial escalar es una forma cuadra´tica en los “shifts” de
fermiones, los cuales tienen que ser dependientes de los escalares y lineales con respecto
al embedding tensor, pero su forma general no es conocida.1 E´sta es una de las princi-
pales obstrucciones para encontrar una formulacio´n general de todas las supergravedades
gaugeadas en todas las dimensiones. Hemos propuesto una forma general para los ”shifts”
de fermiones para la supergravedad maximal 8-dimensional que reproduce los ”shifts” de
fermiones propuestos por Salam y Sezgin, y tambie´n reproducen la forma invariante bajo
la dualidad esperada para el potencial escalar. Esta forma es similar a la de los ”shifts”
de fermiones que aparecen en las supergravedades 4-dimensionales, donde los campos es-
calares aparecen combinados en un objeto relacionado con una parte del representante de
coset. Consideramos que este objeto debe existir para cualquier teor´ıa de supergravedad
que pueda ser gaugeada. Una clara identificacio´n deber´ıa ser la clave para encontrar la
formulacio´n general de las supergravedades gaugeadas.
En el cap´ıtulo ?? presentamos una generalizacio´n del te´rmino de frontera de Gibbons-
Hawking-York para el caso general de las teor´ıas f(Lovelock). La construccio´n de este
te´rmino de frontera nos permite determinar el nu´mero de grados de libertad f´ısicos de la
teor´ıa, el cual es D(D−3)/2+r, donde r es el rango de la matriz Hessiana Hnm = ∂n∂mf .
Adema´s, demostramos que las teor´ıas f(Lovelock) son equivalentes a las teor´ıas escalar-
Lovelock que contienen r campos escalares. Probamos que las teor´ıas f(Lovelock) no
propagan el gravito´n masivo fantasma t´ıpico de las gravedades con derivadas superiores.
Adema´s, existen ciertas teor´ıas f(Lovelock) no triviales que u´nicamente propagan un
gravito´n y cuyas ecuaciones son de segundo orden en cualquier gauge.
Considerando teor´ıas hologra´ficas duales a algunas tipos de teor´ıas f(Lovelock) en-
contramos restricciones para los valores de las constantes de acoplo. Finalmente, presenta-
mos algunas soluciones de agujeros negros para algunas teor´ıas f(Lovelock) en diferentes
dimensiones.
1Se conocen en la supergravedad N = 2, d = 4, 5 as´ı como en otras supergravedades N ≥ 3, d = 4. Para
mas detalle ve´ase [?].
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